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PLANE TEIGONOMETEY. 



PEEFAOE. 



This book originated in a desire to give to my 
private pupils a better idea of the trigonometric 
functions of obtuse angles than they could obtain 
from any book with which I was acquainted- 

I believe that a student can get a comprehensive 
and thorough knowledge of trigonometry most 
quickly and easily, if, at the outset, such definitions 
are given to the trigonometric functions as will 
apply to all angles : with this idea for a basis, I have 
endeavored to prepare an elementary text-book for 
general use. By beginning with an explanation of 
the use of the negative sign as applied to lines and 
angles, and then giving general definitions to the 
trigonometric functions, I have been able to demon- 
strate all the fundamental formulas in a perfectly 
general yet simple manner. 

While I have tried to present the subject from an 
elementary point of view, I have not lost sight of the 
fact, that, to most students, trigonometry is merely a 
«itepping-stone to something higher ; and for this 

m 



IV PREFACE. 

reason I have also tried to present the results in 
such a light as will make them effective tools for the 
student in his future work. 

• During the preparation and printing of the book, 
Prof. J. M. Peirce has kindly given me the benefit 
of numerous suggestions and criticisms, which have . 
added greatly to its value. Appendix I. is entirely 
due to him. 

Most of the examples contained in the book have 
been selected from other trigonometries, especially 
those of Todhunter, Snowball, and Hamblin Smith. 

H. N. W. 

Cambridge, Mass., Dec. 3, 1876. 



PREFACE TO THE REVISED EDITION. 



In this edition all the typographical errors thus 
far detected have been corrected ; a few changes and 
additions have been made in the examples of right 
triangles ; and answers to most of the examples have 
been inserted at the end of Appendix II. 

A treatise on Spherical Trigonometry has been 

prepared by the same author, and now constitutes 

the second part of this volume. 

H. N. W. 

Gambbidob, Mass., Sept. 10, 1879. 
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CHAPTER I. 

DEFINITIONS AND FIRST PRINCIPLES. 

§ <• Trigonometry, as the name itself indicates, was 
originally simply a method of measuring triangles by 
numerical computation from any sufficient data. This 
method involves the use of certain functions of the angles, 
which we call the trigonometric functions. Modern trigo- 
nometry' embraces primaril}- the complete theor}- of these 
functions in their most general relations ; while the meas- 
urement of triangles, or trigonometr}- proper, is reduced 
to a mere branch, or application, of the theory. 

That part of trigonometry which is occupied with the 
investigation of the general properties of the trigonomet- 
ric functions is called by some writers Angular Analysis^ 
or Ooniometry; but it is to be observed that these proper- 
ties, as well as the very conception of the trigonometric 
functions themselves, are derived from the doctrine of 
similar triangles, and the whole subject (at least in its 
elements) may be regarded as a (Jevelopment of that 
doctrine. 

We must begin our exposition of trigonometiy by 
treating of certain principles adopted in the measurement 
of lines and angles, the two kinds of geometric quantity' 
which will enter into our formulas. 
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§ 2. Measurement of lines, — A line may be regarded 

as traced by the movement of a point. Thus we may 

P,Q , regaixi the straight line ad 

A B C D (Fig* 1) as having been 

traced by the movement of 
a point from a, the beginning of the line, to d, the end 
of the line. 

Straight lines may be added by placing the beginning 
of the second upon the end of the first (so as to form a 
continuous straight line) , the beginning of the third upon 
the end of the second, and so on. The straight line con- 
tained between the beginning of the first and the end of 
the last is a line equal to the sum of the lines to be 
added. Thus (Fig. 1) ad = ab + bc + cd. 

§ 3. a. There are many problems involving straight 
lines, in which it is neither necessary nor profitable to 
take into consideration any thing except the lengths of 
these lines. There are, on the other hand, many cases 
where it will be useful to take into account direction as 
well as length. 

b. If we define an}' arbitrary direction to be positive, 
then the opposite direction will be negative. For, if ab is 
any line, — ab can only be that line which added to ab, 
by the method of § 2, produces ; and that is the same 
line as ab taken in the opposite direction. 

The length of a straight line has no algebraic sign : it 
is always the same, whatever be the jjosition or direction 
of the line. 

c. The sign -|- or — prefixed to a number or letter 
denoting a line has reference merely to direction. Thus, 
if a is positive, the line -f- a is a line whose direction is 
positive, and whose length is a units ; and the line — a 
is a line whose direction is negative, and whose length is^ 
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as before, a units. But, if a is negative, -f- a is a line 
whose direction is negative, and — a is a line of the 
same length, whose direction is positive. The terms 
''positive" and " negative " are used merely to enable 
us to distinguish between two opposite directions ; and 
we can in an}^ figure assume any directions (not opposite) 
to be positive, but, having once assumed certain direc- 
tions to be positive, the opposite directions must be nega- 
tive, (v., however, § 20, d.) 

d. It is possible to represent a straight line completely 
by an expression involving the points at its extremities. 
Thus A<3 (Fig. 2) is an 

expression for the straight /^ ^'^' ^' ^ 

line which joins the points 

A and 0, whose length is the distance between the points, 
and whose direction is the direction from a, the point 
Indicated by the first letter, to c, the point indicated by 
the second letter. — ac denotes a line having the same 
length as the above, but an opposite direction, but this lat- 
ter line is the line ca. .*. ca = — ac, or ac -|- ca = 0. 
The truth of this* equation is evident if, as in § 2, we 
regard a line as traced by the movement of a point. 
For if a point moves from a to c, and then from o back 
to A, it is evident that its final distance from the starting- 
point will be nothing. 

Similarly in each of the figures 3, 4, and 5, we have, — 

FIG. 3. 
AB -f- BC + <?A = A 



FIG. 4. 
BC + CA -f- AB = A__ 



B- 



CB 4- BA 4- AC = F'Q- 5. 

^ A 



This principle may be extended to any number of points 
in the same straight line. 
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§ ^ Measurement of angles. — A right angle is divided 
into 90 equal parts called degrees ; a d^ree is subdivided 
into 60 minutes; and a minute, into 60 seconds. The 
degree, minute, and second are distinguished by the 
characters ° ' " respectively. A degree of arc is ^^jg of 
the circumference of the circle to which the arc belongs. 
It evidently has different lengths for different circles. 
The degree of arc is subdivided in the same manner as 
the degree of angle. ^ the circumference, or the arc 
intercepted by the sides of a right angle whose vertex 
is at the centre, is an arc of 90°, and is called a quad- 
rant. The same term is applied to the sector bounded 
by two radii at right angles to each other. The four 
divisions of a plane separated by two lines perpendicular 
to each other are also occasionally called quadrants. 

Central angles contain the same number of degrees as 
their intercepted arcs. 

§ 5. The complement of an angle or arc is the re- 
mainder obtained by subtracting the angle or arc from 
90°. 

The supplement of an angle or arc is the remainder 
obtained by subtracting the angle or arc from 180°. 

Thus the complement of 25° is 65° ; the supplement of 
25° is 155°. 

Two angles or arcs are therefore complements of ^ach 
other when their sum is 90° ; and they are supplements 
of each other when their sum is 180°. 

According to these definitions, the complement of an 
angle or arc that exceeds 90° is negative. Thus the 
complement of 100° is 90° — 100° = — 10°. In like 
manner the supplement of 200° is 180° — 200° = — 20°. 
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§ 6. Circular Tnectsure of an angle. 

As has been indicated above, an angle may be measured 
in degrees and subdivisions of a degree. There is, how- 
ever, another method of measurement in use, called the 
Circular Method^ by which an angle is measured by the 
ratio of its arc in the circle described from its vertex as 
a centre to the radius of that circle. To show that this 
method is legitimate, it must be proved that any two 
angles are proportional to the ratios by which we propose 
to measure them. 

Now, in the same circle, or equal circles, angles at 
the centre are proportional to their intercepted arcs. 
Therefore (Fig. 6),— 



d\ff=s :^ (I.) 

r.d:df=^ : -f (11.) 

But, since similar arcs are pro- 
portional to their radii, we have 

s s 

- = —; that is, the ratio of inter- 

r ri 

cepted arc to radius is the same 
for the same angle, whatever the 
Value of the radius. Substitut- 
ing this value of ? in equation 

n. above, we get ^ : (?' = iL : i^. 

' o n r 



FIG. 6. 




Q,E.D. 



§ 7. Corollary. Any quantity can be put equal to 
its measure. We can therefore put d=z^. Now when 
the radius (r) is unity, we have (? = -j- = s; therefore the 
circular measure of an angle is equal to the length of the 
intercepted arc in a circle whose radius is unity. 
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§ 8. Angular unit of circular mea,sure. 

As in § 7 we can put <? = -^. Making « = r we shall 
have (? z= -^ =: 1. Therefore the angular unit of circular 
measure is thaJt angle whose intercepted arc is equal to the 
radius, 

§ 9. To change from circular measure to degree meas- 
ure^ and the converse. 

We will first find how many degrees there are in the 
angular unit of circular measure ; i.e., we will reduce 6 to 
degrees when s = r. The ratio of circumference to diam- 
eter is constant for all circles, and is approximately equal 
to 3.1415927, which is represented by the Greek letter n 
(y. Plane Geometry) . Therefore letting C, D, and R, rep- 
resent circumference, diameter, and radius respectively, we 

have % = n\ .-. C = ;r D ; but D = 2 R ; .-. C = arc 

360° = 2 TT R. In the same circle, or equal circles, 

central angles are proportional to their intercepted arcs : — 

angle 6 arc S S , , o ,.x R 1 

. 5 ^ — (when S — R^ = 

*'angle360° arc C 2;rR ^2;rR 2n 

360° 180° 180° 

. • . angular unit = — — = = 'r-—-rz-,:::z 

^ 27t 7t 3.1415927 

= 57°.2957795. 
Conversely, the units of degree-measure have the follow- 
ing values in circular measure ; and these values are also 
the lengths of the corresponding arcs of the unit cir- 
cle: — 

circ. meas. 1° = — = 0.01745329, 
180 

1° 
circ. meas. 1' = — = 0.00029089, 
60 

1' 
circ. meas. 1"= =0.00000485. 
60 
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To convert an angle from one S3'stem to the other, we 
have only to multiply the given measure of the angle by 
the value of its unit in the new system. For example, 
if x is the circular measure of an angle, its value in de- 
grees is 

XX 57.296 ; 

and the circular measure of x^ is 

a?X 0.01745... ; 

. ,^ * , o^^o arc 360° 2 ;r R 

§ 10. Angle 360° = = — — = 2 tt, 

R R 

Angle 180° = n. 

Angle 90° = ^n. 

Angle 45° = \n. 

The expressions 2 tt, ;r, \7t^ and \n are often used to 
denote the angles which they measure. 

§ H. General Angular Magnitude, "A clear notion 
of the magnitude of an angle will be obtained by sup- 
posing that one of its sides as ob 
(Fig. 7) was at first coincident '^'^- ^• 

with the other side oa, and that it b 

has revolved about the point o 
(turning upon o as the leg of a 
pair of dividers turns upon its 
hinge) until it has arrived at the 
position OB." — Chauvenet's Ge- 
ometry, 

We can, then, regard an angle as the measure of the 
amount of the rotation of a line which turns in a plane 
about one of its own points. The angle aob (Fig. 7), 
for example, shows how much the line ob has rotated 
^m its original direction oa about o as a centre. 



8 
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§ 12. Since there is no limit to the rotation of a line 
about one of its points, there is no limit to angulai* mag- 
nitude. 

Let xx' and XT' (Fig. 8) be 
perpendicular to each other at 
the point o. Let ox be the 
original position of ob. When 
OB has moved to the position 
oT, it makes with ox an angle 
of 90° ; when to the position 
ox', an angle of 180° ; when to 
the position oy', an angle of 
270° ; when to ox again, an an- 
gle of 360° ; if it continues to move to oy, an angle 
of 360° + 90°, or 450° ; and, as long as ob continues 
to move, the angle xob continues to increase, ox, the 
original position of the line ob, is called the initial line 
with respect to the angle xob, while ob is called the ter- 
minal line with respect to this angle. 




§ 13. When we represent an angle by three letters, we 
shall always denote the vertex by the middle letter, a 
point through which the initial line passes by the first 
letter, and a point through which the terminal line passes 
by the third letter. 
Prof. Peirce has made use of the following angular 
notation : Let a and |3 (Fig. 9) de- 
note two lines. The angle which 
^ makes with a, or the angle 
/? y^ alpha-beta, as it is called, is de- 

noted by the expression P, the 

lower letter denoting the initial 
line, and the upper letter the ter- 



FIG. 9. 
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minal line. Such symbols must be carefully distinguished 
from fractions. This notation may be used even in the 
case of lines which do not intersect. 



§ 14. Rotation as considered in § 12 (i.e., opposite 
that of the hands of a clock) is called positive rotation. 
Rotation in the contrary direction is therefore negative 
rotation. An angle is positive or negative according as 
it is conceived to be generated by positive or negative 

rotMion. Thus, we may take box = — xob, ? = — ^. 
§ 15l Let aa' and b'b" (Figs. 10-13) be two straight 

FIG. 10. 
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lines perpendicular to each other at o, the centre of the 
circle of which oa is the radius. The arcs ab', b'a', a'b", 
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and b"a, or the sectors aob', b'oa', a'ob", and b"oa, are 
quadrants (v» § 4) . In accordance with what has been 
said about positive rotation (v. § 14) , we will call the 
sector aob' (or the arc ab') the first quadrant, b'oa' 
the second quadrant, a'ob" the third quadrant, and b"oa 
the fourth quadrant. Therefore the angle marked qp in the 
figures 10, 11, 12, and 13, is an angle of (i.e. terminat- 
ing in) the 1st, 2d, 3d, and 4th quadrants, respectively. 

§ 16. Angles in the same plane may be added by first 
placing their vertices at the same point, and then placing 
the initial line of the second upon the terminal line of the 
first, the initial line of the third upon the terminal line of 
the second, and so on. The angle made by the terminal 
line of the last with the initial line of the first is an angle 
equal to the sum of the angles to be added. Thus (Fig. 
8) xop = xoB -|- boy + YOP. On the same principle, if 
a, |3, 7, 5, &c., are any lines in one plane, whether inter- 
secting at one point or not, we have : — 

§ 17. The angle aob (Figs. 12, 13) may have been 
formed either by the positive or negative rotation of ob ; 
we can therefore either consider it to be a positive angle 
having a number of degrees equal to 180° + a'ob, or a 
negative angle having a number of degrees equal to 
180° — a'ob. These are, in fact, only two values, which 
differ by 360° (v, § 18). The angle aob" also (Figs. 
10-13) can be considered equal to + 270° (180°+a'ob"), 
or equal to — 90° [—(180°— a'ob")]. 

In Fig. 10, where oo is supposed to be perpendicular 
to OB, we have the angle aoc = g) — 90°. This equa- 
tion indicates that if the rotating line rotates in the 
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positive direction b}' an amount equal to g) (i.e., to ob), 
and then in the negative direction by an amount equal to 
90°, it will finally take the position oc, and will make 
with the initial line (oa) the angle aoc, which will be 
positive or negative, according as 9 is greater or less 
than 90°. 

§ la K to the angle (p (Figs. 10-13), we add 360^ 
once, twice, or any integral number of times, the resulting 
angle will still be bounded by the lines oa and ob. If 
from the angle qp we subtract 360® once, twice, or any 
integral number of times, the resulting angle will still be 
bounded by the lines oa and ob. 

The expression aob, then, may represent any one of a 
series of angles ; one angle of this series is the angle 9, 
and all the other angles of the series differ from it by 
some multiple of 360°. Thus aob = (]p+ A; 360°, where 
k stands for 0, or any integer positive or negative. This 
principle is often important in the addition of angles. 

§ 19. Bearing in mind what has been said about the 
addition of angles (§ 16), and also the contents of the 
preceding section, we see at once the truth and signifi- 

FIG 14. FIG. 15 





cance of the following equations obtained fh>m figures 14 
and 15. 
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AOD + DOA = k 360**, 
AOD + DOC + COB + BOA = k 360°, 
AOB -f- BOD + DOC + COA = k 360®, 
AOC + COB -|- BOD + I>OA = k 360**. 

where A;, as in § 18, denotes any integer, positive, nega- 
tive, or null. 
In like manner, if a, /!J, 7, d, are any lines in one plane, — 

a ' j3 ' y ' ^ 

§ 20. Before proceeding further we must lay down rules 
concerning the directions of certain lines which we shall 
have to treat of in their relations to angles. 

a. When speaking of an angle, we shall always regard 
the vertex as a point of reference or origin with respect 
to this angle ; and we will define the directions of the 
initial and terminal lines (§ 12) to be always positive, 
when considered relatively to the angle. Thus, when we 
speak of the angle between two lines, we always mean 
the angle between their positive directions. 



RG. 17. 
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In each of the figures 16, 17, 18, and 19, for example, 
o, the vertex of the angle 9, will be an origin, and the 
directions of the initial and terminal lines ox and ob will 
be positive. 





FIG 


. 18. 






Y 




f 


P 


/ 


/ 


X" 


*•' v" 


L 




/ 




N 





FIG. 19. 



\ 



-' 


M 


p 




\ 




, >: 


?^ 


' ^K. 


N 


p 




M' 


•• 



b. Through o, making with the initial line ox an 
angle of + 90°, draw oy. The lines xx' and tt' are 
called aoDes. We define ox and oy as the positive direc- 
tions of the axes ; ox' and ot' are therefore their negative 
directions. These are also the positive and negative direc- 
tions of all lines parallel to the axes, when considered rel- 
atively to them. Thus pm and p'k are positive, while fm' 
and pV are negative ; and lm and lV are positive, while 
LN and lV are negative. Relatively to the angle xob, 
OB is positive, and ob' negative; but relatively to the 
angle xob', ob is negative, and ob' positive. 

c. Whenever in the same problem we have to treat of 
two or more angles whose vertices and initial lines do not 
coincide, we can either refer all the angles to the same 
origin and to the same initial line, or we can regard each 
vertex as an origin, and each initial and terminal line 



14 PLANE TRIGONOMETRY. 

as positive, with respect to the angle to which it belonga. 
If the latter method is adopted, care must be taken not 
to confound a direction which is positive with respect to 
one angle with a direction which is positive with respect 
to a different angle ; for these directions may be, when 
compared with one another, directly opposite. 

d. When we have gj = 180°, or qp = 270°, the terminal 
line (ob) will have the negative direction of the axis: 
we shall, however, still consider ob to be positive, when 
regarded as the terminal line of g). Suppose, for example, 
FIG. 20. we have the right triangle 

Boc (Fig. 20). The base 
oc is negative ; and the 
hj-pothenuse ob and per- 
pendicular CB are posi- 
r"""^<>^^^^-^<^ tive. Now, suppose qp to 

'^— ' ^^- "^ * increase until ob coincides 



with oc. We shall now 
regard our right triangle 
to be one whose perpen- 
dicular is zero, whose base 
oc is negative, and whose 
hypothenuse ob is, as before, positive. 

§ 21. The following principles of Plane Geometry must 
be borne in mind : — 

a. The sum of the angles of a plane triangle is equal 

to 180°. 

b. The sum of the two acute angles of a plane right 
triangle is equal to 90°. Either of these angles is then 
the complement (§ 5) of the other. 

c. When two plane right triangles have an acute angle 
and a side of the one equal to an acute angle and the 
homologous side of the other, the triangles are equal, and 
oil r.f their homologous parts are equal. 
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d. When two plane right triangles have an acate angle 
of the one equal to an acute angle of the other, the tri- 
angles are similar, and their homologous sides are there- 
fore proportional. 

6. The square on the hypothenuse of a right triangle 
is equal to the sum of the squares on the other two sides. 

/. In any triangle the greater side is opposite the 
greater angle, and the converse. 

g. The sum of two sides of a triangle is greater than 
the third side. 

h. Two angles are equal when their sides are re- 
spectively perpendicular ; but we must be careful to take 
the sides of the respective angles in the same order, and 
to measure the angles in the same direction, (v. § 14.) 
In Fig. 21, for example, rg. 

the angle B'AC=angle xoa, 
for both angles are meas- 
ured in the positive (§14) 
direction, and b'ac is 
formed b}' ab', which is 
perpendicular to ox, and 
AC, which is perpendicular 
to OA. Similarly, angle 
bag' = XOA, and angle x'ab' = abo. 

t. The chord of an arc of 60*^ is equal to the radius. 




examples. 

1. To what quadrant does each of the following angles 
belong? 289°, 368°, 510°, 640°, 1178°, — 80°, — 188°, 

— 1722°. 

2. Represent by figures the following angles, where in 
each case cp = 60°, and ^ = 30° ; qj — 360°, gj — 90°, <p 

— <? + 180°, q> — 270°, (p + d+ 60°. 
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3. ChEDge to circular measure each of the following 
angles: 88^ 2^, 271^ 53', — 18^ 7', 60% 390% 

4. The circular measures of certain angles are as fol- 

n 
lows: 2., 16.2, 6., — - ; find in each case the corre- 

o 

sponding number of degrees. 

5. Find the lengths of the following arcs in a circle 
whose radius is unity : 60% 30% 150°, 330% 18°, 268°, 135% 

6. Find the lengths of the above arcs in a circle whose 
radius is 6. 

7. Taking the earth's equatorial radius to be 3963 
miles, find the length of an arc of 1° on the equator. 



CHAPTER II. 

THE TRIGONOMETRIC FUKCTION8. 

§ 22. A right tiiangle can alwa^'s be formed by letting 
fall a perpendicular from any point in the terminal line of 
a given angle upon the initial line, produced if neces8ar}\ 
This triangle we will call a triangle of reference for the 
angle ; and, in applying the rules of § 20 to determine 
the signs of its sides, we shall always regard the hypoth- 
enuse and base as measured from the vertex of the given 
angle, and the perpendicular as measured from the initial 
line. 

In each of the figures 22, 23, 24, and 25, for example, 
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. FIG. 25 

y 



\ 
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where qi (xop) k, in each case, the given angle, we can 
fonn the right triangle ocb, as stated above. In order 
to form this triangle in figures 23 and 24, we must pro- 
duce the line ox in the direction ox'. 

In the above figures, the letters », y, and r represent 
the base (oc) , the perpendicular (cb) , and the hypothe- 
nuse (ob) respectively, both in direction and length. 
Therefore x is positive in figures 22 and 25, and negative 
in figures 23 and 24 ; ^ is positive in figures 22 and 23, 
and negative in figures 24 and 25 ; r is positive in each 
figure. But r might be made negative in each figure. 
Thus, in Fig. 22, we may take aj = oo", 2^ = cV, r= 
ob", making a?, y^ and r all negative. 

§ 23. The Trigonometric Functions of an angle are 
the six ratios between the three sides of a triangle formed 
as above, taking into account the signs as well as the 
lengths of these sides. 

These ratios are always the same for the same angle, 
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both in numerical value and in sign ; for if, as in figure 
22, we let fall perpendiculars from different points of 
the terminal line, as b, b', and W\ we have the right 
triangles ocb, oo'b', and oo''b", which evidently have 
their acute angles at o equal. These triangles are there- 
fore {v. § 21, d) similar, and their homologous sides are 
proportional ; i.e., the six ratios of the sides of ocb are, 
in numerical value, respectively equal to the six ratios of 
the sides of oo'b', or oo'V. They are equal in sign as 
well ; for, in comparing any two of the triangles, the sides 
of the first either have the same directions, and therefore 
the same signs, as the corresponding sides of the second, 
as in OCB and ocV ; or, as in ocb and oc'^b'', each side 
of the second has a direction, and therefore a sign, op- 
posite to that of the corresponding side of the first ; and 
in each case the signs of the ratios are obviously the 
same. 

These ratios are, in general, different for different 
angles ; for two right triangles, not having an acute angle 
of the one equal to an acute angle of the other, are not 
similar^ and their homologous sides are not proportional. 

Thus we see that the values of the trigonometric ratios 
of an angle depend^ and depend only^ upon the value of 
the angle ; for this reason they are called the trigonometric 
functions* of the angle. 

,As soon as we have given names to these ratios, we 
shall be able to introduce into the same formula two 
entirely different kinds of quantities, — angles and straight 
lines. We shall then have made a very important step 
in the treatment of our subject. 

• When one quantity depends upon another for its value, so that 
a change in the second necessitates a change in the first, the first is 
caUed Skftinction of the second. 
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§ 2C To each of the six ratios mentioned above, a 
name has been given as follows : In each of the figures 
22, 23, 24, and 25, — 
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OB 
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perpendicular 
hjpothenuse 


sine of q> sin 9 
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cotangent of 9 
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OB 
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secant of qt 
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OB 
CB 


r 

y 


hjpothenuse 
perpendicular 


cosecant of g) 


cscg) 


In addition to the above 










1 — cos qp 


versed sine of qp 


vers q> 



§ 25. Bearing in mind what has been said about the 
signs of X, yy and r, in § 22, we easilj deduce the follow- 
ing table for the signs of the fhnctions of angles in each 
quadrant : — 



gj 


sin 


cos 


tan 


ctn 


sec 


CSC 


1st quad 


+ 


+ 


+ 


+ 


+ 
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2d quad 
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— 


+ 


+ 


— 
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— 
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Since the hypothenase of a right triangle is the great- 
est of the three sides, the first two of our six ratios 
never exceed 1 in numerical value, and the last two never 
fall below 1 in numerical value. Hence the sine and 
cosine vary <ynly from — 1 io + 1 ; the secant and cosecant 
vary only from + 1 to -^cc and from — 1 to — oo ; while 
the tangent and cotangent may have any value from — oo 
to -j- * • 

§ 26. By § 24 we have, — 

y .1 

sin (1= - , sm q =z 

^ r ^ cscgj 

.*. sinqp X CSC 9 = 1 .*. . 

r 1 

CSC (T = - CSC a = -: — 

y^ sinqp 

X 1 

COS(Ti = -, C0Sff= 

^ r ^ secgp 

.'. cosqp X 8ecg'= 1 
r 



1 



sec(r=-, secff = — — — 

tan g) = -, tan qr= 



[1] 



X ^ ^ ^ ctnop 

.'. tang) X ctng; = l .*. 
. X 1 

ctn(r = -i ctnQp=- 

y ' tang) 

Therefore the sine, cosine, and tangent are reciprocals 
of the cosecant, secant, and cotangent respectively. 



« m^ sing? y X V sin op r^- 

§27. — ^='^~-z=^=tang!, .-. — ^=tang). [2] 

cosg> r r X cosg) ^ -^ 

cosg; X y X ^ cosg? , r„-, 

-;— ^=--^ -= =ctng), .-. .— ^=ctng). [3] 
smg) r r y sing? '- -^ 

Any two of the quantities appearing in either [2] or 
[3] being given, it is evident that the third can be found. 



^ 
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§ 28. BelcUions between sine and cosine^ tangent and 
secant, cotangent and cosecant. 

By § 21 «, we have (Figs. 22-25) ic* + y* = rS a 
formula which holds for all the figui*es since the squares 
of X, y, and r are positive in all cases ; and from this 
we get : — 

t/* x^ 

-i+-a = li ••• sin«g) + cos«9) = l, [4] 

-2= 1 +^a» ••• sec « g) = 1 + tan« gj, [5] 



-,= ! + -„ .-. csc« g) = 1 + ctn« 9, [6] 

The above formulas enable us to solve the following 
problems : — 

To find cos g) when sin g) is given, and the converse. 

sec g) " tang) '' " " 

CSC g) " ctn g) " " " 

In order, however, to solve these problems completely, 
it is also necessary to know to what quadrant g) belongs. 
When, for example, cos g) is given, we have from [4] sin g?= 
± Vl — cos * g), which does not, on account of the double 
sign of the radical, completely determine sin g) ; but, when 
we also know to what quadrant g? belongs, we know by § 25 
the sign of its sine, and can therefore completely deter- 
mine sin g). It should be noted that formulas [l]-[6] 
enable us, when any one function is given, to find all the 
others. The student is advised, before reading farther, to 
do examples 1-9 at the end of this chapter. 
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§ 29. To represent the trigonometric functions by 
straight lines. 

In order that the trigonometric functions, or ratios, may 
be represented by straight lines, the triangle of reference 
must be so taken for each ratio that the denominator of 
the ratio shall be unit}'. 

In Figs. 26-29, let g>, or the angle xop, be an angle of 



FIG. 27. 




the 1st, 2d, 3d, and 4th quadrants respectively. From o 
as a centre, with a radius unity, describe a circle. 

sin w = 1—^, cos op = - — , Since the hypothenuse must 
hyp hyp 

be unity, we will, in each figure, construct the triangle of 



24 PLANE TRIGONOMBTBY. 

reference ocb, in which the hypothenuse ob is equal to 
the radius, or unity. 

CB DC 

.*. sing) =— =CB, co9<]p =— =oc. 

oero hvD 

tan q) =J'— -, sec qp = c-^-- By drawing a geometric tan- 
gent at A, we have the triangle of reference oat, in which 
the base oa is unity. 

AT OT 

.*. tan gp = \.- = AT, secqp=:^=OT. 

hase hvo 

ctn Q) = , CSC qp = — =^. Through a point + 90 ° from 

perp' ^ perp ® *^ * 

A, draw a geometric tangent which will cut ob produced 

in some point as t^ ; from t' let fall a perpendicular upon 

x'x. The triangle of reference olt' thus formed will be a 

triangle in which the perpendicular lt':^oa'=1, and 

the base ol = aV. 

4. ^L / / ot' - 

.*. Ctngi= Y=:OL = AT , C8C(jP = -:i- =OT. 

versed sin qp ::= 1 — cos cp = oa — oo = ca 

From § 20 and § 22 we know that: — 
In Fig. 26, — 

oo, CB, AT, oT, aV, ot', and ca are positive. 
In Fig. 27,— 

OB, ot', and oa are positive, 
and oc, at, ot, and aV are negative. 
In Fig. 28, — 

at, aV, and ca are positive, 
and CB, oc, ot, and ot' are negative. 
In Fig. 29, — 

oo, ot, and oa are positive, 
and CB, AT, aV, and ot' are negative^ 
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Patting the above results in words, we have the follow- 
ing corollaries to oar original definitions (v. § 24) : — 

In a circle whose radius is unity, the trigonometric 
functions of an angle or arc may be represented by the 
following lines : — 

The sine, by the line which measures the perpendicular 
distance of the end of the arc from^ the initial line. 

The coain^^ by the line drawn from the centre of the 
circle to the foot of the sine. 

The tangemJt^ by that part of the geometric tangent at 
the beginning of the arc which is drawn from the point 
of tangency to the terminal line. 

The cotangent^ by that part of the geometric tangent 
at a point -|- 90° from the beginning of the arc which is 
drawn /rom the point of tangency to the terminal line. 

The secant^ by the line drawn from the centre of the 
circle to the end of the tangent. 

The cosecant^ by the line drawn from the centre of the 
circle to the end of the cotangent. 

The versed sine^ by the line drawn from the foot of the 
sine to the beginning of the arc. 

What has been said in this section should not lead the 
student to regard the trigonometric functions as absolute 
lines. The trigonometric functions are not the lines 
themselves, but are merely the numbers which denote the 
ratios of the lines to the arbitrary unit which we choose as 
a radius. 



^The word *' from" indicates the direction, and therefore the 
sign of the line. 
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FIG. 30. 



§ 30. In any circle the radius ofwhidi is unity, the sine 
of any arc is one-half the chord of twice the arc. 

In Fig. 30 let the angle b'ob or the arc b'b = 2 g?. 
Draw OA so as to bisect the angle or 
2 (f ; draw the chord b'b. Since oa 
bisects the angle b'ob, we know from 
geometry that it is peri)endicular to 
and bisects the chord b'b. .•. cb = 
^ b'b = i chord 2 qp. 



But by § 29, — 

CB = sin g) .*. sin qp =: J chord 2 gj [7] 




§ 31* Relations between the functions of q; ±k 360°, 

180°— g), 180°4-qp, 
360° — g), — gj, a7id 
the functions of gj. 
p Let us take any 
angle of the 1st quad- 
rant, as xop (Fig. 
31) ; let the acute 
value of this angle be 
denoted by g). xop 
then denotes either 
the angle g) or the 
angle qi±k 360° (y. 
§18). 




•A treatment of the subject of §§ 31, 32, and 33, covering explicitly 
all possible values of g', is given in appendix I., which the teacher 
may at his discretion substitute for these sections. 
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Construct the angles : — 
xop' = 180** — qp, X9P" = 180^ + % 

xop'"= 360° — 9 or = — qp. 

In accordance with this construction, the acute angles 
xop or 9, p'ox', x'op", and p'^'ox ai*e all equal to one 
another. 

Construct the triangles of reference ocb, ooV, oc'V, 
and oc^'V; each of these triangles having an acute 
angle equal to qp, they are similar (v. § 21, d), and their 
homologous sides are proportional ; moreover, the perpen- 
diculars CB, cV, (/'b", and c"V", being opposite the equal 
angles, are homologous. Therefore the corresponding 
trigonometric functions of the angles qp, g)± A; 360°, 180° 
— qp, 180°-|- 9? 360° — qp, and — qp, are numerically equal ; 
but, paying proper attention to the algebraic signs of 
these functions (v. § 25), we arrive at the following re- 
sults 2 — 

sin (q) ± k 360°) = sin qp 

cos ((p ± k 360°) 



= sin qp ) 
= cos qp ) 



[8] 



ob' 

ob' 

</'b" 

ob" 

o^' 

ob"' 
oc"' 
ob'" 



CB 

ob" 



oc 



oc 

OB 



CB 



oc 



sin (180" — (p)= Bin cp 



: .*. cos (180° — gi)= — cosq) 

CB 

: .*. sin (180°-f-qp) = — sin qp 



cos (180°+ g))= — cos qp 



— .'.sin (360° — gj) = — sin gj 
^® =sin(— qp) 



— .-. cos (360°— qp)=cosqp 

o« =cos(-9) 



[9] 



[10] 



[11] 
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FIG. 32. 



In like maimer the other Ainctions of these angles may 
be found ; the}* maj also be found from the above by [Ij, 
[2], and [3]. 

§ 32. Belations between the fiinetums of 90^ 4" ^ 
90<>— y, 270'' -{-ify 270°— 9, and the /unctions of qt. 

Let us take any angle of the Ist quadrant, as xop 
(Fig. 32), which we will call g^. Constract the angles, — 

xop' = 90^ — 9, xop" = 90° + qp, 

xop'"=270**— g;, xop«^= 270^ +9. 

Construct, with re- 
spect to these angles, 
the triangles of refer- 
ence OCB, oc'b', oc"b", 
^ oc' V, and oc*V\ In 
accordance with this 
construction, the an- 
gles marked g) in the 
figure are all equal. 

The triangles ocb, 
ocV, 00^^% o</"b'", 
and oc*V^, having 
each an acute angle 
equal to qp, are all 
similar (v. § 21, d), 
and their homologous 
sides are proportional. But in this case the lines oc', 
00", oc"', and oc»^ of the triangles oc/b', oc/'b", oc'"b'", 
and oc^^B^^, being opposite the angle g), are homologous 
with CB of the triangle ocb ; and c'b', c"b", c"V, and 
c*V^, are homologous with oc. Therefore, paying proper 
attention to the algebraic signs, we get the following 
results : — 
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(/b' 



ob' 


1 


OB 


•. Sin ( 90"— g)) = 


cos 9 


oc' 
ob' 


• 


CB 

ob' 


•. C08( 90°— q?) = 


sin g 


c"b" 
ob" 


= 


oc 
ob' 


•.sin ( 90°+^) = 


cosqp 


oc" 
ob" 


=- 


CB 
~OB ' 


•. cos( 90°+ g?) =- 


-8ing> 


o"'b'" 
ob'" 


=- 


oc 
"ob' 


-.sin (270°— g)) =- 


-cosqp 


oc'" 
ob'" 


=- 


CB 

""ob* 


-.cos (270°— 9)=^ 


- sin g 


c'V" 
ob'" 


= 


-oc 

OB * 


•. sin (270° +g)) =- 


- cosqp 


oc'" 
ob'" 


= 


CB 

ob' 


•. co8(270°-t-gj) = 


sin g) 



[12] 



[13] 



[14] 



[15] 



§ 33. From [12], by [1], [2], and [3], we readily 
obtain the following : — 



CSC (90° — g)) = secg) 
sec (90° — (p) = CSC gj 
tan (90°— g)) =ctn qt 
ctn(90°— g)) =tang) 



[12,] 



Now, g) and 90° — q> are complements of each other : 
therefore from [12] and [12i] we see that the sine, tan- 
gentj and secant of any angle are respectively the cosine, 
cotangent, and cosecant of its complement. 

"Co", then, is merely an abbreviation for the word 
" complement's ; " [12] and [12J may therefore be 
expressed in words as follows : — 

The cosine of any angle is its complement* s sine. 
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The cosecant of any angle \p its complement's secant. 

The cotangent of any angle is its complement's tangent. 

Formulas 8-15 are easily remembered if we note that 
when qp is coupled with 0°, ISC', or k 360'', the functioDs 
of the angles thus formed, and those of qp, are numerically 
the same; while, when qp is coupled with 90^ or 270^, 
the functions of the angles thus formed, and those of g;, 
are numericaUy complementary. 

The algebraic sign is determined in each case by sap- 
posing qp to be acute, and then noticing to what quadrant 
the resulting angle belongs. 

It will be readily seen, by constructing proper figures, 
that formulas 8-15 hold for all values of qp. 



§ 34. TV find the functions of (f and SSff". 

FIG. 33. 

Suppose qp ( Fig. 33 ) to 
decrease until it becomes 
0; then y will become 0, 
y and r will coincide with x. 

.-. 8inO^ = ^=-=0, 
r r 



cosO'* = -=l, 
r 




tanO^=^=-=0, 

X X ' 



secO''=- = l, 
X ' 



CtoO«=*=?: 



r r 
CSC 0® = - = -=oo. 



y ' y 

When g) is equal to 360"" we shall also have y = 0, and 
r = » ; therefore the ftmctions of 360° are the same as 

^ofo^ 
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§3Si Tojind tJie functions of 9(f. 
Suppose (Fig. 33) 9 to increase until it becomes equal 
to 90"" ; then x will become 0, and y will coincide with r. 



.-. sin90°=?^=l, C8c90°=- = 1, 

»• y 

cos90°=- = - = 0, 8ec90''=- = ^z=«, 

r r * « ' 

tan90°=?=^ = « ctn90''=?=5 = o. 

X y y 

These results can also be found by putting 9 = in 
[12] and [12J. 

§ 36. To find the functions of 180P. 

Suppose g} (Fig. 33) to increase until it becomes 180^ : 
then y will become 0, and r will become numerically equal 
to 2^9 but opposite in sign. (v. § 20, d.) 



.•.8inl80°=?^=-=0, cscl80° = - = ^=«, 
r r y 

cosl80^=-=— 1, tanl80° = ?^ = - = 0, 
r XX 



sec 180° =-=—1, ctnl80°=- = ^=oo, 
X ' y 



Sin 180° and cos 180° may also be found by putting 
g) = in [9], and from these the other functions by [1], 
[2], and [3]. 
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§37. TofindthefunctUm8of27(f. 

Suppose 9 (Fig. 33) to increase until it becomes 270"" : 
then X will become 0, and r will become numericaUy equal 
to y, but opposite in sign. (v. § 20, d.) 

.•.8in270°=-^=:— 1 CSC 270° = -^ = — 1 

»■ y 

cos 270° =-=-=0 sec 270° =^=oo 
r r 

tan270° = ?^=^=cx) ctn 270°=:- = -=O 

§ 3& To find the functions of Sff" and 6(f . 

In formula 7 let qp =: 30° ; this formula will then be- 
come sin 30° = i chord 60°. But by § 21, t, chord 60° 
= radius = 1. .-. sin 30° = i. .-. from [4] we have, — 

co8 30° = 4-Vl— sin2 30 = + Vr=^ = + V| 
and from [2] , — 



tan 30°-?^^-^- ?-• 



from [3],— 
from [1],— 



^^■^3«°=t^=^^' 



• "Why -|- ? V. remark at end of § 28. 
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We have then b}- [12] and [12,] since 
60^ = 90^ — 30°; 
sin 60 = cos 30° = i V3, cos 60° = sin 30° = i, 

tan 60° = ctn 30° = V3, ctn 60° = tan 30° = -7^, 

2 

sec 60° = CSC 30° = 2, esc 60° = sec 30° = -^. 

§ 39. To find the functions of id"". 

45° is the complement of 45°. Therefore by [12] and 

[12i],- 

sin45 = cos45, tan 45° = ctn 45°, sec 45° = esc 46®. 
Whence by [4], — 

sin U5° + cos M5° = 1 = 2 sin « 45° = 2 cos M5°. 



.-. sin 45° = cos 45' 



=+ji.' 



tan 45° = ctn 45° = ?^^ = 1, 
cos 45° 

sec 45° = CSC 45° = - Afb = 'V'^. 
sin 45° 



§ 40. To find the functions ofWff". 

120° = 180° — 60°; 
.by[9],- 

sin 1 20° = sin 60° = i Vs, 

cos 120° =— cos 60°=— i, 

* Why + ? (0. remark at end of § 28.) 
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-p--=S^=*^'=-^»- 



ctiil20^ = 



tan 120°" 

1 



1 

'V3' 



1 



Bee 120^ = — -- -o = —1 = — 2, 



C8cl20^ = 



COS 120'' 

1 



8ml20^~iV3~V3' 



S«L To find the functions of 150^. 

160^=180° — 80^ 
.»>y[9],- 

sin 160° = sin 30° = J 

cos 150° = — cos 30° = — iV3, 

8inl50° _ ^ 1_ 

cos 150° "" — i V3 ~ ~ V3' 



tan 150° = 



ctn 150° = = \/3, 

cuiAuv ^^jjj5QO —^3, 



sec 150° = 



CSC 150°= 



cos 150° ~ 
1 1 



2_ 
'V3' 



sin 150° ~i" 



f 



§ 42. 2b find the functions of 135°. 
135°= 180° — 45°; 
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•.bj[9],- 

8inl35° = sin45°=\/i , 

cos 135° = — cos 45° = — V^, 



tan 135* 



_ sin 135° _ Vj 



cos 135° ""—Vi" 



■1, 



ctnl35° = 



1 



1 



sec 135° = 



tanl35°~— 1 
1 



= -T=-l, 



cos 135° ""—Vf 



L=-vt 



"""'•=.-sw=^=^*- 



§ 43. Collecting the results of the last nine sections for 
easy reference, we have : — 



Angle 


sin 


COS 


tan 


ctn 

00 


8ec 


CSC 

00 


0° 





1 





1 


30° 


i 


fs^3 


V* 


V3 


2Vi 


2 


45° 


Vi 


Vi 


1 


1 


V2 


V2 


60° 


iVs 


i 


V3 


V* 


2 


2V^ 


90° 


1 





00 





00 


1 


120° 


iVs 


-i 


-V3 


-v* 


— 2 


2V^ 


135° 


Vi 


-Vi 


— 1 


— 1 


-V2 


V2 


160° 


i 


-iVs 


-V* 


-V3 


-2Vi 


2 


180° 





— 1 





00 


— 1 


00 


270° 


—1 





00 





00 


— 1 


360° 





1 





00 


1 


00 



[16] 
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§ 44 Increase and decrease of the functions. 
We have shown in f 80 that, in the circle of which the 
radius is unity, — 

sin g" = ^ chord 2 9. 

Now, we know by geometry' that the increase of an arc 
less than a semi-circumference is accompanied by the 
Increase of its chord. Hence, if g)<90°, that is, if 
2 qp < 180°, sin qp increases with the increase of <]p. Since, 
when qp < 90°, cos <]p = + Vl — sin*g;, cos qp decreases 
with the increase of sin qr, and therefore decreases with 

the increase of or. Again, tan qp := -<, of which the 

^ *© ' ^ cosqp 

numerator increases and the denominator decreases with 
the increase of qr. Either of these changes causes the 
increase of the fraction. Hence, if qp< 90°, tan qp in- 
creases with the increase of qp. The reciprocal of a quan- 
tity decreases with the increase of the quantit}*, and vice 
versa. Hence we see that tlie sine^ tangent^ and secant of 
an acute angle increase with the increase of the angle^ while 
the cosine^ cotangent^ and cosecant decrease. 

Now, if qp is acute, 180°— qp, 180° + qr, and 360°— qp, 
are general expressions for angles in the second, third, 
and fourth quadrants respectively ; and 180°+ qp increases 
with the increase of qp, while 180°— qp and 360°— 9 de- 
crease with the increase of qp. But the functions of these 
angles are numerically equal to those of ^, by § 31. 
Hence, in the third quadrant, the rule for the increase and 
decrease of the numerical values of the functions is th( 
same as in the first ; but in the second and fourth quad- 
rants the rule is opposite to the first. 

The algebraic value of a negative quantity (that is, the 
complete value, taking account of the sign) increases with 
the decrease of its numerical value, and vice versa. Re-' 
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garding, then, the table of signs in § 25, we obtain the 
following results : — 





sill. 


cos. 


tan. 


ctn. 


sec. 


CSC. 


0° 


TO 


+1 


=F0 


T* 


+ 1 


=Foo 


Ist qu. 


Inc. 


dec. 


inc. 


dec. 


inc. 


dec. 


90° 


+ 1 


±0 


±00 


±0 


±00 


+ 1 


2dqa. 


dec. 


dec. 


inc. 


dec. 


inc. 


inc. : 


180° 


±0 


— 1 


=F0 


T« 


— 1 


±00 


3dqu. 


dec. 


inc. 


inc. 


dec. 


dec. 


inc. 


270° 


— 1 


=F0 


±00 


±0 


Too 


— 1 


4th qu. 


inc. 


inc. 


inc. 


dec. 


dec. 


dec. 


360° 


TO 


+ 1 


TO 


T« 


+ 1 


Tx 



[17] 



In this table, the sign before qo or shows whether 
the fbnction is passing from + to — or from — to +, 
with the increase of the angle. 

§ 45. Inverse or anti functions. 

In a; = sin g), a; is expressed as a function of g). In 
order to express g) as a flinction of x^ the following nota- 
tion has been adopted : — 

(jp = sin ~^ X, 

This equation denotes that g) is that angle whose sine 
is X. • 

In like manner, if y = cos g), 2:= tan g*, and ta=sec g), 
we 'can write : — 

g) = cos.~*y, g5 = tan~*2;, gi = sec~'^w. 

Sin ~^ a?, cos ~' y^ tan "^z^ &c., are called the inverse or 
anti trigonometric functions, and are read antisine of a;, 
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antioMine of y^ &c. ; they are sometimes written arc sinx, 
arc cos 2(9 arc tanz, &c.^ since the}' denote the arc^ or 
angle, whose sine is x, whose cosine is y, ^. 

In like manner we can denote the inverse or anti-loga- 
ritlimic functions. Thus, if log u =x, then u = log '^ x. 

The inverse of "log sin" maybe written, (l<^sin)~^ 
Thus, if log sin qp = 9.8421, then g) = (log sin)-^ 9.8421. 

Examples : — 

sin45° = Vi, tan30° = \/i, esc 270° = — 1; 

therefore, 

45° = sin -» Vi, 30° = tan "^ V^, 270° = esc "H— 1 ) . 

Any relation wliicli can be shown to exist between the 
trigonometric functions can be expi^essed by means of the 
inverse notation. If, for example, — 

sin <p sin 
tan op = — - = — a = «» 
cos qp cos ^ 



then np=:tan~^aj = f — ) 



-1 

X. 



EXAMPLES. 

1. What signs belong to the different functions of each 
of the following angles? 

289°, 368°, 510°, 640°, 1178°, —80°, —188°, —1722°. 

2. In what quadrants must an angle be taken whose 
secant = -|- 7 ? 

In what quadranta must an angle be taken whose tan* 
gent= — J? 
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In what quadrants must an angle be taken whose cose- 
cant= — 2? 

3. In what quadrants must A, Ai, &c., be taken in 
each of the following cases? 

sin A = -1-0.809 cos Ai= — 0.599 

tan A2= — V^ ctn A, = + 0.466 

secA4= — V2 cscA. = + 3.86. 

4. Which of the trigonometric functions of an angle 
are never numerically less than unit}'? which never nu- 
merically greater than unity? which sometimes greater 
and sometimes less than unity? 

5. Given 8inA = ^V3, and cosA = ^; find all the 
other functions of A. 

6. Given cosA=: — V^; find all the other functions 
of A when A is an angle of the 2d quadrant. 

7. Given cos A =—— ; find all the other functions of 

A when A is an angle of the 4th quadrant. 

8. Given tan A = V3 ; find all the other functions of 
A when A is an angle of the 3d quadrant. 

9. Given ctnArr}; find all the possible values of 
other functions of A. 

10. Prove sec^A . csc^A = sec'A+csc'A. 

11. If CSC A ■=. sec B, what is the relation between A 
andB? (v. § 33.) 

12. Draw lines in and about a circle whose radius is 
unity, which represent the functions of an angle A of the 
2d quadrant when cos A = — \\ also when A is an angle 
of the 4th quadrant, and cos A = + ^. 

13. Suppose A to be an angle of the 3d quadrant; 
draw lines as above when tan A = + 1 . 
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14. Find by geometry all the functions of 45®. Given 
chord 36° = 0.618, find sin 18°. 

15. Given sin A =r ^, and A < 90°, what are the func- 
tions of the angles —A, 90° ± A, 180° ± A, 270° ± A, 
360° ± A? 

16. Given sin 30 = ^ ; what are the functions of the 
angles 3270°, 2580°, 750°, —150°, —60°, —120°? 

17. Show that formulas 8-15 hold when g) is an angle 
of the 2d quadrant. 

18. The same as the above when g) is an angle of the 
3d quadrant. 

19. Find all the functions of the following angles : 

210°, 225°, 240°, 300°, 315°, —45°. 

20. What values of A, Ai, Aj, and Ag, between 0° and 
720°, will satisfy the following equations : — 

sinA:= + J cosAi = — Vj 

tanAa = + V3 tan « A8+4 sin ^ A8=0 

21. What angles less than 360° have a cosine == — V^? 
what a secant = — 2 ? what a tangent = -f- ^^ ? 

22. Which of the following angles have a cosine = 
— J ? which a tangent = — 1 ? which a secant = -f- ^^2 ? 
45°, 120°, 225°, 240°, 315°, —240°, —315°, 600°. 

23. What values of A between 0° and 720° will satisfy 
the equation sin ^ A -f- 5 cos * A = 3 ? 

24. Given sin * A = m cos A — n ; find cos A. 

25. Given sin A =: m sin B, and tan A = w tan B ; find 
sin A and cos B. 

26. Show what change is taking place in each of the 
functions of an angle when the angle is increasing from 
0° to 90°, from 90° to 180°, from 180° to 270°, and from 
270° to 360°. 

27. Given sin ^ + cos ^ = 1 ; find 0, 
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28. Given sin » ^ = ; find 6. 

2sec^ 

29. Given 8in*^ — 2co8^+J = 0; find ^. 

30. Prove: — 

8in*^.tan^4-co8*^.ctnd + 2sin^eo8^ = tan^+ctn^. 

31. Given cos 288° = 0.309; find ctnl62^ (Carry 
the result to three places of decimals.) 

32. Given tan 241** = 1.8 ; find sm 299°. 

33. Given A = sin -4, B = sin-* t; 
Prove A+B = 90°. 

34. Provesin-^aj+cos-^a?=90°. 

36 . Find the value of tan (tan "' a? + ctn "^ x) . 

36. 008 0,=^. Co8(90-x)=^. 
sm C sin C 

Prove cos * A + cos «B + cos ^C = 1 . 



CHAPTER III. 

FUNCTIONS OF THE SUM AND DIFFEEENOE OF TWO ANGLES, 
AND FORMULAS DEDUCED FROM THEM. 

§ 46. Given the sine and cosine of any two angles^ to 
find the sine and cosine of their sum and of their differ- 
ence. 

Let a and ^ denote the two angles, and let op, oq, and 



FIG. 34. 




15 tr 



OR be 80 drawn in a plane that a =z poQ, (i = qor. 
Then, by § 16, — 

a + /3 = POQ -|-QOR = POR. 
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The angles a, /?, and a-{'^y are all positive and acute 
in Fig. 34 ; bat our solution is applicable to all possible 
cases (v. § 47). 

From any point, c, of the line or, drop perpendiculars 
on OP and OQ, meeting of and OQ at d and b respec- 
tively. From B drop a perpendicular on of, meeting of 
at A. Then the triangles oab, obc, and odg, are triangles 
of reference for a, |3, and a + /3, respectively; and wi 
have — 

AB . / \ • * ^^ /f\ 

sin « = — ; .-. AB=:sina. OB ; (a) 8in/5= — . (b) 
OB ' ^ '^ ' oc ^ ^ 



OA / \ ^ OB .J. 

COS ft = — ; .-. OA = COS « . OB I (c) COS /?= — . (a) 
03 ^ ^ ' OC ^ 



sin (« + /?)= — ; COS (« + .5) = — . 

Through b draw bs parallel to op, and meeting DC at E. 
Let s and Q be so taken that bs and bq are positive ; and 
let T be so taken on bc that qbt is a positive right angle. 
Then, by § 21 A and § 16, — 

SBT = SBQ 4" QBT= 90^ + « ; 

and BEC is a triangle of reference for this angle. Hence, 
by [13],- 

EC 

sin (90° -j- 1*) = cos « = — ; .•.£€ = cos « . bc . (e) 



BE 

cos (90° + «)= — sina= — ; .-. be = — sinn. bc . (/) 

BC 
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Again, by § 2 and § 3, d,— 

DC = De4-EC=:Ab4-EC; OD = OA-f-AD = OA-f-BE. 

Then we have — 

. , , ^. DC AB , EC 

Bin (« + /?) = — = , 

^ ' '^^ oc oc ' oc' 



. , . OD OA , BE 

COS (« + i^) = — = — — ; 

^ * ^^ oc oc ' oc' 



or substituting from (a), (e), (c), and (/), 



sm (« + iJ) = sin « . h cos a . — , 

^ ' '^'^ oc oc 



/ I ..X OB . BC 

COS (o + i^) = cos « . sm « . — ; 

^ ^ ^^ oc oc 

now, substituting from (d) and (6), we get — 

sin (a +/3 ) = sin a coa(i-{' cos a sin |5, [18, a] 

cos (a+f^) =cosaoos/3 — sin asin^. [19, a] 

Since the above solution is applicable to all values of a 
and /3 (v. § 47), we may replace j3 by — /3. 

But, by [11],— 

sin ( — 13) = — sin |3, cos ( — ^) = cos/3. 

Hence we have — 

sin (a — ^) = sin acos^ — cos a sin /5, [18, 6] 
cos (a — ^) = cos a cos j3 -|- sin a sin /3. [19, ft] 
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The four formulas proved above can be embodied in two 
formulas, as follows : — 

sin (a ± j3) = sin a cos ^ ± cos a sin |5, [18] 

cos (a ± /3) = cos a cos ^ 7 sin a sin ^. [19] 

where we are to use either the upper signs throughout or 
the lower signs throughout. 

These two formulas, which are constantly used in mathe- 
matics, should be committed to memory. 

§ 47. After the student has thoroughly mastered the 
above solution as applied to any one case of the problem, 
such as that of Fig. 34, he should carefully re-examine it, 
with the view to satisfying himself that it is equally valid 
for any possible case. .To assist him in making this ex- 
amination, we append Figs. 35-38 ; and the student is 
advised to draw figures which shall represent still other 
cases. But it is important to obser^^e that the generality 
of the solution does not depend on a complete analysis of 
cases, but on its being stated in a form which can be seen 
at every point to admit of universal application. 



FIG. 36. 
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Fia 37. FIG. 38. 




§ 48. Given the sine and cosine of the sum or difference 
of any two angles^ to find the tangeiit and cotangent. 
By [2], [18], and [19], we have,— 

sin (a ± ^) sin a cos ^ ± cos a sin j9 

" cos (a ± ^) cos a cos /3 7 sin a sin |S 

Divide both namerator and denominator by cos a cos /5, 
and we get, — 

sin acoB^ cos a sin fi 

cos acoafi cos a cos ^ tana ± tan /5 



tan (« ± /5) = 



tan (« ± j3) = 



cos a cos p sin a sin ^ 1 T tan a tan ^ 



cos « cos /3 cos a cos /3 
By [1] and [20] we have,— 

1 4. / ^ Q\ 1 T tan a tan |3 

■ =ctn (« ± ^) =-^^^^ 



[20] 



tan (a ± fJ) 



tan a ± tan ^ 



i 



Divide both numerator and denominator by tan a tan /3, 

and we get, — 

,,. ctn«etn/3Tl __._ 

ctn (a ± j3) = ^ o^^ [21] 

^ ^' ctn ^ ± ctn a *- -' 
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§ 49. The following formulas are sometimes found use- 
ful. Let the student prove them by the aid of formulas 
[2, 18 a, 18 hj 19 a, 19 b, and 4.] 



sin (tt-j"!^) tan a-|- tan ^ ctn ^-{-oixia 

sin (a — 13) tana — tan/3 ctn^ — etna 

cos (« -|" /^) 1 — tan a tan p ctn /} — tana 

cos (a — fi l-|-tanatan^ ctn|3-}~tana 



[22] 



[23] 



sin (a + |3) sin (a — fl) =sin«a — sin« j3 I 

= cos«|3 — costal ^J 

cos (a+|3) cos (a — (3) =cos«a — sin«/J> ^^.^ 

= cos«^ — sin'aj '■^^-1 



§ SO. Given the functions of any angle^ to find the 
functions of twice that angle. 



Substituting in [18 a] and [19 a] a for |3, we have, — 

\ [26] 



sin (a -|- a) = sin 2 a = sin a cos a -f- cos a sin a 
= 2 sin a cos a 



cos (« + «) = cos 2 a = cos a cos « — sin a sin a 
= cos*a — sin* a (I.) 
= 2cos«a— 1 (II.) 
= 1 — 2sin«a (HI.) 



[27] 



Substituting in [20] and [21] a for ± ^, we have, — 

X 1 V ^ rt tan a + tan a 2 tana _^^^ 

tan («+«)= tan 2 «=^ -— t— =- — - — — [28] 

^ ' ^ 1 — tanatana 1 — tan*a *- -^ 



* / I \ ^ o ctnactna — 1 ctn'a — 1 

ctn («+ a)=ctn 2 a= — -. — = ^ ^ [29] 

^ * ' ctna-j-^tna 2 ctn a ^ -^ 
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§ SL Oiven the functiofis of any angle to find thefuno 
tUms of half that angle. 

All the preceding formulas are perfectly general, and 
will apply as well to one angle as to another. We can 
therefore substitute ^ a throughout in place of a. Making 
this substitution, — 

in [27 III.] we have, — 

cosa=l — 2sin«| .-. sin^ = V|n[i — cosa) [30] 

in [27 II.] we have, — 
co8a = 2cos*| — l .•.oos^=Vi(l+oosa) [31] 



By [2], [30], and [31],— 
. a 

^ a 2 1— cosa ^qot 

tan- = = ^7-1 [32] 

2 a \l + cosa *" -* 

cos- ^ "T 

andby [3],— 
2 .„„« \1— cosa L ^J 



tan-^ 



§52. By[29],- 



^ _ ctn^a — 1 ,ctn*a — 1 ... . n ro^n 

ctn2«= ^ ^ =ri — =4(ctna — tana) [341 

2 ctn a ^ ctn a ^ ^ / l j 

By [1] and [26],— 

1 1 1 

esc 2 a = -; — ;r— = r— ; = * SCC « CSC U 

Sin 2 a 2 sin a cos a 

= by [4] ^ . ^ =i (tan a-f- ctn a) r35] 

•^ ^ -* 2 sin « cos a "^ ^ ' / - j 
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By subtracting [34] from [35] we get, — 

tan a = CSC 2 a — ctn 2 a. 

Now, substituting ^ a for a, we get, — 

tan ^ a = CSC a — ctn a. [36] 

By adding [34] to [35], and substituting as above, we 
get,— 

ctn i a = CSC a + ctn a = — . [371 

* ' CSC a — etna ^ * 

Substituting 45° + i ^) ^^^ ^^"^ — i a, for ^ a in 
[36], and we get, — 

tan (45° + i «) = esc (90° + «) — ctn (90° + a) 

= ^y [13] sec a + tan a. [38] 

And 

tan (45° — i a) = esc (90° — a) — ctn (90° — a) 

= ctn (45°-|-ia) = seca — tana=: p— [39] 

^^ » * ^^ seca + tan« '- -^ 

§ 53. Some formulas will now be obtained, the useful- 
ness of which will be seen hereafter. 

By [18 a] and [18&],— 

sin (« 4- j3) -f sin (« — /5) = 2 sin « cos |9 [40] 

and sin (« + 1^) — sin (« — 1^) = 2 cos a sin /J [41] 
By [19 a] and[19&],— 

cos (a -f" 1^) + ^^s (« — /5) = 2 cos a cos |3 [42] 

and cos (a — §) — cos (a + ^') = 2 sin a sin ^ [43] 
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Pat a + l3 = « .••2a = x-j-y .-.« = J {a? + y) 

a — § = y 2^ = x — y.'.(i = ^{x — y) 

Substituting these values of a and ^ in [40], [41], [42], 
and [43], we get, — 

sinaj4-8iny = 2 8in^ (x-\-y) cos^ (a? — y) 

sinx — sin3^ = 2cos^ (« + y) sii^i (^ — y) 
co8a; + c^y = 2cos^ (x-^-y) cos^ (x — y) 
cosy — cosa;=2 sini (» + y) sin^ (a? — y) 

Since these last formulas are perfectly general, we can 
write any other letters, and therefore a and /?, in place of 
X and y, as follows : — 

sina + sin^ = 2sin ^ (a + ^) cos J (« — /3) [44] 

since — sin|3 = 2cos^ (« + W sin^ (« — i^) [45} 

cosa-|-cos/3=2cos^ (« + /^) C08i(a — /3) [46] 

cos(3 — C08a=2sini (a-\-^) sin i (a — ^) [47] 

By [44] and [45] we have, — 

si n«4-sin^ _ 2sin|(ft+|3)cos^(« — P) 
sin a — sin j3 2 cos i (« + (^) sin ^ (« — (i) 

In like manner we get, — 

°°'"~°°'^ =-tani(« + ^)taDi(«-P) [49] 
cosa + c^'^P ^ V I r/ »v 

sin a ± sin j3 . , . , ^^ r-^., 

j ^= tan i (« ± ^) [50] 

cosa + cos/^ ^ 

sin « ^ sin B x i / • d\ rci-i 

—Z: 1: = ctn i (rt ± ^) [51 J 

cos/3 — cos a s \ r/ L J 
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EXAMPLBS. 

1. Find the sines and cosines of the following angles 
by the aid of formulas 18, 19, and 12 : 0°, 90^, 180% 
270% 360°, (90°±A) (180°±A) (270°±A), (360°± A), 
and — A. (To get sin O^, put 3^a in 118, 6J. ) 

2. From the functions of 30° find those of 15°. 

3. Prove cos (60° + A) + cos (60° — A) = cos A. 

4. Prove sin (30° + A) + sin (30^ — A) = cos A. 

2 tan 1 A 

5. Prove sinA = T— r-- — Vt":- 

l + tan*iA 

6. Find sin 3 A in terms of sin A. 

7. Find cos 3 A in terms of cos A. 

8. From the functions of 90° find those of 45°. 

9. Given sin A = } ; find sin ^ A ; also cos ^ A. 

10. Given 2 sin A = sin 2 A ; find A. 

11. Given tan 2 A = 3 tan A ; find A. 

12. Prove tan 50° + ctn 50° = 2 sec 10°. 

13. Given sin 280° = m ; find sin 160°. 

14. Given sin ^ + cos ^ = — r- ; find 0. 

15. Given tan (45° — d)-\- ctn (45°— <9) = 4 ; find 6, 

^ /, T»_ COS A 4- sin A , « * , « a 

16. Prove . ' . — T- = tan2 A + sec2 A. 

cos A — sin A ' 

17. Prove 

2sin^A8in^B + 2cos*Acos^B = l+co8 2Aco8 2B. 

18. Prove 

tan (45° + A) — tan (45° — A) = 2 tan 2 A. 

^n T^ sin^EP sin(2A+B) „ /a i tj\ 

19. Prove-; — 7- = ^"-^ — r- — ^ — 2cos(A + B). 

sm A sin A 

c^ T.^ 1— tan«(45° — A) . ^ . 
^^- ^^^ l + tan^(45°-A) =^^°^^' 



52 PLANE TRIGONOMETRY. 

„, _ 4 ton A (1 — tan « A) ... 

21. Prove ,:-.—, — nm — ^= Bin 4 A. 

(I + ton* A)' 

22. Prove 

sin A (1 -|-ton A) + cos A (1 +ctnA) :=cscA-|-secA 

23. Prove 

cos A + C08 (120^ — A) +COS (120° + A) =0. 

24. Prove 

4 sin A sin (60° — A) sin (60° + A) = sin 3 A. 

25. Given sin 3 ^ + sin 2 ^ + sin ^ = ; find d. 

26. Given sin (a? + a) = cos {x — u) ; find x. 

27. Prove 2 sec 2 A = sec (45° + A) sec (45°— A). 

28. Given ten ^ = - ; find the value of a cos 2 ^ + 6 

a 

sin 2 d. 

In the next five formulas k denotes any integer. These 
formulas can be readily proved by making the proper sub- 
stitutions in formulas 40, 41, 42, 43, and 20. 

29. Prove 

sin A; « = 2 sin (A; — 1) a cos a — sin (k — 2) a. 

30. Prove 

sin A; a = 2 cos (A; — 1) « sin « + sin (A; — 2) a. 

31. Prove 

cos A; « = 2 cos (A; — 1 ) a cos a — cos (A: — 2) a. 

32. Prove 

cos A; a = — 2 sin (A; — 1) a sin a -f- cos (A: — 2) ce. 

oo T^ X 7 tan (A; — l)a-f-tana 

33. Prove ten A; « = ~ ^^ — .. ^ ' 

1 — tan (A; — 1) «tan«. 

34. Prove by the aid of the formula of Ex. 31 cos 3 A 
= 4 cos 'A — 3 cos A. 
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35. Prove that when j^ A is be tween 0" and 90®, 
Vl -f- sin A = l-j-2sinJAVl — sin^A. 

36. Provetan-*a? — tan-i3/ = tan-^-?^P^. 

l+xy 

37. Prove tan -^i 4- tan "4 = 45°. 

38. Prove sin "^ . - + ctn "^ 3 = 45°. 

/ V3 + V2 

39. Given 6 = eos~^ V J, and 9 = cos~* ~- — ; 

prove qp -|- ^ = 60°. 

A A 

40. Obtain sin — in terms of sin A when -- lies between 

2 2 

— 45° and— 135°. 

41. Find cos 105°. 

42. Find tan 165°. 

43. Determine the limits between which A must lie in 
order that 

2sinA = + V'l-|-sin2A— Vl— 8in2A. 

44. If tan ^ = f^-^\^ tan |, show that cos d = 

cos qp — c 
1 — ccosqp* 



CHAPTER IV. 



TRIGONOMETRIC TABLES. 



FIG. 39. 



§ 54. Functions of small angles. 

Let AOB be any positive acute angle, and let a be its 
circular measure . Let aob'= — a, 
and therefore b'ob = 2 a ; and let 
o be the centre of a circle of which 
the radius is r = oa = ob = ob'. 
Let the chord bb' cut oa at o ; and 
let the tangents at b and b' meet 
at T, which must lie in oa pro- 
duced. Then, — 




arc AB arc bb 



OA 



2r ' 



CB chord bb' 

sina= — = — , 

OA 2 r ' 



TB BT BT + TB 

tana=: — = — ,=z — -^ . 

OB OB 2r 

Now, we know by geometry, that 

chord bb'< arc bb' < b't -\- tb. 

Hence, dividing through by 2r, and substituting the 
above values, we have, — 

sin « < « < tan « ; [52] 
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or, the circular measure of an acute angle is greater than 
the sine of the angle^ and less tlian the tangent of the 
angle. 

The last written inequality may assume the form, — 



sin a a tana 

Now, multiplying through by sin a, we have — 

^ ^ sina ^ -.__ 

1 > > cos a ; ri>3] 

and, multiplying through by sec a, — 

tana _ 

sec a > > 1. [54] 

But, if a = 0, cos a = sec a = 1 ; and the differences 
1 — cos a {v. [53]) and sec a — 1 (v. [54]) can be made 
less than any assigned quantity by taking a sufQciently 
small. Hence, — 

=1 — «, =1 -[-«', [55] 

where e and e' are positive quantities which decrease in- 
definitely when a decreases. We have then — 

sina=(l — e) a, tan a=: (1 +0 « J [^^] 
or, if a is very small, — 

sin a = tan a = a^ approximately. [57] 

For example, — 

sin r = tan 1' = ,-^ = 0.0002908882 .... 
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§55. We have, by [30],— 




1 — cosK — 2 sin '^ a. 




Now, by [55],— 




8mi«= (1— e") X i« = i (1— *") a; 




.•.1—C08« = i(l— «")*«*» 




l-cosa_ 


[58] 


*" ^i I V^ ' ^ ^ S» 


or co8« = l — i(l — «")''«*>1— i«*. 


[59] 



If a is very small, since tf' decreases indefinitely with 
«,— 

cos a = 1 — ^ a *, approximately. [60] 

For example, — 

0.0000000846 

cos l' = l — ^^ vo ^"- —0 999999958^ . . . 

§ 56. The formulas proved in the last two sections 
enable us to compute approximate values of the sine, 
cosine, and tangent of a very small angle ; and the num- 
ber of decimal places to which these values are correct 
depends on the smallness of the angle. Let us next seek 
the limits of error of these formulas, so that we may know 
in what cases we have a right to use them. Such limits 
may be found as follows : — 

Since sin a = 2 sin ^ a cos ^ a, by [26] , and since 
sin J a > J a cos ^ a, by [53], — 

.*. 8ina>aco8*ia. 

But since, by [52] , sin J a < J ce, 

.'. cos ^^a = l — sin*Ja>l — i«'; 

.•. sma^a (1 — ^a^) = a — i a*. [61] 
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Again, by [30], cos a =: 1 — 2 sin ^^ a ; and, by the form- 
ula just proved, — 

.-. cosa<l— 2(Ja— 5V«')'<1— i«*+Aa*- [62] 
For example, 

if a = circ. meas. 1' = tt^ = 0.000290888 , 

i «• = 0.000000000006 

^a* = 0.0000000000000004 . . . . ; 

so that the above methods are capable of giving values of 
sin 1' accurate to eleven places of decimals, and of cos 1' 
accurate to fifteen places of decimals. 

By methods of the higher mathematics, we can establish 
still smaller limits of error ; proving that 

sina>a— Ja», ^ 

cosa<l— ia«+A«*-> '■>' 

Now we easily compute 

J «•< 0.00001, if «< 0.03915 = circ. meas. 2° 14'.6, 
^ «*< 0.00001, if a < 0.12447 = circ. meas. 7° 7'.9. 

Hence, up to these limits respectively, we may use the 
formulas sin a=^ay cos a = 1 — ^ a *, with an error less 
than a unit in the fifth place of decimals. 

§ 57. To show how a table of trigonometric functiona 
can be computed. 

It is necessary to find the fhnctions of angles in the 
first quadrant only, as the functions of angles in the other 
quadrants are easily deduced from these. Since the sine 
of an angle is the cosine of its complement, a complete 
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table of sines will also be a complete table of cosines*, 
and from the sine and cosine of an angle the other ftmc- 
tions are readily computed. We need only show, then, 
how to construct a complete table of sines for the first 
quadrant. 

We may use the formula sin a=a for small yalues of a, 
up to a certain limit depending on the number of decimal 
places used in the table, and determined as in the last 
section. We may then proceed by the following method. 
By [40],- 

sin (a + 1^) + ®^^ (^ — j^) = 2 8^^ ^ ^^^ ^* 

Let a be any angle, and let |S be so small that we can 
use the formula [60], — 

C08i3=l— ij3« 

with an error far below the greatest error allowed in the 
table; for example, let |S = circ. meas. 1'. Then the 
above formula gives, — 

sin (a-|-^)=28ina — sin (« — f?) — ji^'sina, 
or 

sin (a+(^) — sin a = sin a — sin (« — /3) — ^*sina. [64J 

If, then, we know sin a and sin (a — j3), we can com- 
pute sin (a -|- i^) ; then from sin (a -|~ ^) *°^ sin a, we 
can get sin {a ^2^) ; and so on, using the successive 
formulas, — 

sin (a + 1^) — 8in« = 8ina — sin (a — /9)— /3*sina, 

sin (a + 2l5) — sin (a + |3) =sin (a+/3) — sina 

— j3«sin(a + /3), 

sin (a + 8^) —sin (« + 2^) =8in (a+2|3) —sin («+ft 

— (i"sin(«-[-2/il), &c. 
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K|3=circ. meas. r=0.00029..., |3«= 0.0000000846..., 
and, as this small number is a constant multiplier in the 
last term, computation by the above formulas is quite an 
easy process. 

By the successive application of these formulas, we may 
find the sines of all angles of the quadrant at any small 
interval ^ ; for example, 1'. 

§ Sa Given sin 20^ = 0.34202, sin 20° 30' = 0.35021 ; 
let the student compute the following values by the above 
formulas, assuming |S=circ. meas. SO' : — 

sin 21° =0.3584, 
sin 21° 30^ = 0.3665, 
sin 22° =0.3746, 
sin 22° 30' = 0.3827, 
sin.23° =0.3907. 

§ 59. When the values of the sine have been computed 
up to 60°, its values for the rest of the quadrant can be 
easily found by the formula, — 

sin (60°+ a) — sin (60°— a) = 2 cos 60° sin a= sin a, 
or 

sin (60°+ a) = sin (60°— a) + sin a. 

Again, we have found in §§ 38, 39, the values of the 
trigonometric functions for 30°, 45°, and 60° ; and from 
these we can compute those of 22° 30', 15°, 11° 15', 
7° SO', 5° 37'.5, 3° 45', &c. The results thus obtained 
may be used as tests of the computation made by the 
method of § 57. 
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§ 60l The trigonometric ftinctions are called natural 
trigonometric ftinctions, to distinguish them from their 
logarithms, which are called logarithmic trigonometric 
functions. 

Tables of the natural and logarithmic trigonometric 
functions have been constructed ; and a thorough under- 
standing of the use of these tables is necessary for per- 
forming trigonometric computations. 

Since there is some variation in the arrangement of dif- 
ferent tables, the student can better learn their use bj- 
referring to the explanations which accompany the tables, 
than by any explanations which could be given here. 

Peirce's four-place tables will be used in the solution of 
problems in the following chapters. 

§ 61. Interpolation. A trigonometric table cannot 
contain the functions of all angles of the quadrant, but 
only of angles separated by a certain interval ; for exam- 
ple, an interval of 1' or of 10'. The functions of inter- 
mediate angles can be found by the same principle of 
proportional parts which is applied to the table of loga- 
rithms of numbers. We can prove the validity' of this 
principle for the trigonometric functions as follows : — 

sin (a-\'§)=iBinaco9^-\'CO&aQin§ 

cos (a + ^) =co8aco8/3 — sinasin|3 

Now, if pis very small, we can by [60] and [57], take 
cos j9= 1, sin j3=:j3, and thus we have 

sin (a -f- 1^) = sin a + 1? cos a, approximately, 
cos (a+ (S) = cos a — 13 sin a, approximately. 
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Hence, if ^ and j^f are two very small angles, — 
8in(« + fj)-8in« _ ^oos« _^ aDDroximatelv 

cos a — cos (a + S) iS sin a d . ^ , 

7 — \-jk = ^jf—' — = ^5 approximately. 

cos a — cos(a4-f^) ^'sina ^" '^^ '' 

So that, for very small variations of an angle, the varia- 
tions of the sine and cosine are approximately propor- 
tional to the variations of the angle. Now, it is a known 
principle of logarithms, that, for very small variations of 
a number, the variations of the logarithm are approx- 
imately proportional to those of the number (Peirce^s 
Elements of Logarithms^ § 15). Hence, for very small 
variations of an angle, the variations of the 1(^ sin and 
log cos are approximately proportional to those of the 
angle. 

The same principle can be extended, by similar proofs, 
to the other natural and logarithmic trigonometric ftinc- 
tions. The limits within which it may be properly em- 
ployed can also be investigated by means of the fonnulas 
of §§ 55 and 56. 

§ 62. It must be remembered that tables of logarithms 
and of trigonometric functions only give the values of the 
functions to a cei*tain number of decimal places. For 
example : log sin 16° is given by our four-place tables as 
9.4403 ; but this only informs us that the true value lies 
somewhere between 9.44025 and 9.44035. Thus every 
logarithm (and every natural ftmction as well) taken from 
a four-place table is liable to an error not exceeding 
±0.00005 ; and, if the function is found by interpolation, 
its total error may have any value short of 0.0001. If, 
then, a Ic^arithm is obtained by adding or subtracting 
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several logarithms, the error of the resulting Ic^arithm 
may be several times 0.00005. 

^^When a change of 0.0001 in any logarithmic trig- 
onometric function produces a change of more than 1' in 
the corresponding angle, the four-place logarithm does 
not determine the angle to minutes^ since the uncertainty 
of ± 0.00005 in the logarithm will leave an uncertainty of 
± v. 5 in the angle. This will never be the case with the 
log tan or 1(^ ctn. 

^' It is to be observed, that, with foar-plaoe logarithms, 
the angle can be determined to minutes from its log tan 
or log ctn in aU parts of the quadrant; from Us log sin or 
log CSC in the first half of the quadrant ; and from its log 
cos or log sec in the la^ft half This observation will often 
direct the computer in the choice of his method, where 
several lie open to him." — Peirce's Elements of Log- 
arithms. 



CHAPTER V. 

SOLUTION OF BIGHT TRIANGLES. 

§ 63. To solve a triangle is to obtain fi'om its given 
parts the values of its unknown parts. In every triangle 
there are six parts ; namely, three angles and three sides. 

We have learned from geometry, that, in general, it is 
possible to construct a triangle when any three of its parts 
are given, provided one of them is a side. We shall now 
show, that, in general, it is also possible to solve a triangle 
when we have the above data. 

In order to solve a triangle, we must obtain formulas by 
which each unknown part can be obtained from the known 
parts. 

As we proceed, we shall find that there are often several 
formulas by which any particular part may be found. A 
formula should be selected which is adapted to logarithmic 
computation^ and which will give accurate results ; and it 
is also well, when possible, to use formulas by which each 
unknown part can be obtained directly from those given 
at the outset. 

§ 64. ^' After a table of logarithms has once been con- 
structed, the labor of certain arithmetic operations can be 
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materially diminished, while at the same time the cliance 
of committing errors is lessened. The sole arithmetical 
operations which can be performed by logarithms are those 
of multiplication, division. Involution, and evolution. 
Before, therefore, the value of an expression can be calcu- 
lated by means of logarithms, the expression must be put 
into such a form that no other arithmetic operations than 
these have to be performed. Such an arrangement of an 
expression is called the adaptation of it to logarithmic 
computation. * * — Snowball. 

Thus, when in a right triangle (Fig. 40) a and c are 
FIG. 40. given, and b is required, loga- 

rithms cannot be directly applied 
to determine the value of b from 
the equation 6^ = c * — a^ or 
b = Vc^ — a'' (§ 21, €) ; but if 
the equation is put into the fol- 
lowing form, b = V(c -{-a) (c — a), logarithms can be 
directly applied to determine the value of b. 

When a and b are given, and c is required, the formula 
c*:=a'-|-6^ not being adapted to logarithmic computa- 
tion, will not, in general, be used to determine c, but the 
problem will be solved in a manner to be explained here- 
after. 

Since, as has been stated above, it is generally advan- 
tageous to make use of logaritlims in problems involving 
arithmetic operations, care will be taken in this, and in 
the following chapter, to deduce and make use of formulas 
adapted to logarithmic computation. 

§ 65. When we know that one of the angles of a tri- 
angle is 90°, i.e., that the triangle is a right triangle, we 
can solve it by simpler methods than when all of the 




BIGHT TRIANGLES. 



65 



angles are oblique ; we shall therefore consider right tri- 
angles separately, although they can be solved perfectly 
well by the general formulas which will be obtained here- 
after. 

When, in addition to the right angle, a side and one 
other part of a right triangle are given, it can be solved 
by formulas with which the student is already familiar, 
but which, for the sake of convenience, will be collected 
below. 

A + B = 90° (I.) 



(IV.) 



sinA=- 




A ^1 

cosA=- 




tanA=? 



ctnA=- 
a 


c 

cscA=- 

a } 


(II.) 


c 

secA=- 

, 


(in.) 






= 6«=(c + a)(c — a) 



(c + 6)(c-6) 

6 = \/(c + a) (c — a) 
a = V(c + 6) (c— 6) 



[65] 



§ 66. It will be worth while to begin b}' considering 
what cases can arise in the solution of right triangles. 
One side must be given, and may be either a leg or the 
hypothenuse. If a leg is given, there may be joined with 
it either the other l^, the hypothenuse, or an acute 
angle. If the hypothenuse is given, there may be joined 
with it either a leg (a case already considered) or an 
acute angle. 

The following, then, are all the cases which can 
arise : — 

Case I. Given the two legs. 

Case II. Given a leg and the hypothenuse. 

Case III. Given a leg and an acute angle. 

Case IY. Given the hypothenuse and an acute angle. 
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In each of these ocwea, any one of the required parts may 
be obtained from tlie given parts by using that one of the 
formulas in § 65 which involves live parts in question. 

The general role given above should be rigorously fol- 
lowed, except in those cases where it will give formulas 
which are not adapted to Ic^arithmic computation, or 
which will not give accurate results. 

§ 67. Case I. When we wish to find the h^^thenuse 
from the two legs, the formula which we should choose in 
accordance with the rule, — i.e. , c* = a* + 6', — is not 
adapted to logarithmic computation. Here, then, we 
we shall have to deviate from the rule ; and, in finding 
the hypothenuse, we will proceed as follows : we will first 

find the angles by the formula, tan A=ctnB = -; and 

having found the angles we will get c from the formula, 

CSC A = -, or CSC B = -. 
a h 

If either angle is very small (say less than 10°), it is 

best to employ the esc of the larger angle ; since a small 

angle must be given with great precision in order to deter 

mine accurately its sine and cosecant. 

Example /. Given a = 643.6, b = 59.87. 

log tan A := log a — log 6=log ctn B, 

log c = log a -|- log CSC A, 
log a =2.8086 log a = 2.8086 

1(^ b = 1.1112 log CSC A = 0.0019 

log tan A = 1 .0314 = log ctn B, log c = 2.8105, 
A = 84°41', B=5° 19' c= 646.4 

Example II. Given a = 0.0227, b = 0.0840. 
Answers. A = 15** 7' ; B = 74° 53' ; c = 0.0870. 
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§ 68. Case II. Given a leg and the hypothenuee (c), 
we will denote the given leg by b. 

Proceeding in accordance with the rule, we shall get the 
formulas 

sinB=C08A = -, and a = V (c -|- ^) (c — 6), 
c 

by which the following examples can be solved : — 

Example L Given c = 7.458, h = 0.6473. 
Anstoers. a = 7.430, A = 85° 1', B = 4° 59'. 

Example II. Given c = 672.3, 6 = 548.9. 
Answers, a =388.2, A = 35° 17', B = 54° 43'. 

The above method is the best when b differs considera- 
bly from c; but, when b is nearly equal to c, sin B and cos 
A will be nearly equal to unity ; B will therefore be nearly 
equal to 90°, and A will be nearlj' equal to 0°. When 
this is the case neither A nor B can be obtained with great 

accuracy fh>m the formula sin B = cos A =: -(v. § 62 end) . 

We will now deduce a new formula by which, when b is 
nearl}' equal to c, we can find A (and therefore its com- 
plement B) more accurately than by the above method. 

From [30],— 

2sin'iA= 1 — cosA=l =: , 



.-. 8iniA= ^ 
yj 2i 



c 
J — 6 

Example III Given b= 7.4169, c= 7.4451. 
From [661,— 

log sin J A = i [log (c — ft)— log2c]. 



[66] 
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The formala for finding a is, in acoordanoe with the 
rule, a = V(c + b) (c — 6) . 

.-. loga = Klog(c + 6)+log(c-^)] 

2 c= 14.8902 0+6=14.8620 log (c+ 6)= 1,1782 
log2c=1.1730 c—b= 0.0282 log (c—6)= 2.4502 



log(c— 6)=2.4502 2 [ 1.6224 

log 2 c = 1.1730 log a =1.8112 

2 1 17.2772 a =0.6474 

iogsin^A=8.6386 

^A = 2** 29'.6, A = 4° 59'.2, 90° — A = B = 85** 00'.8. 
Example IV. Given c = 84.32, 6=84.28. 
Answers. a = 2.597, A = l° 46', B = 88^ 14'. 

§ 69. Case III. Oiven a leg and an acute angle. 

In this case and the following case, the unknown angle 
is the complement of the given angle ; while the unknown 
sides ma}' be found by employing those functions of the 
given angle of which the numerators are the unknown 
sides, and the denominator the given side. 

Example I. Given 6 = 0.084, A = 15° 9'. 
Answers. c=0.0870, a = 0.0227, B = 74° 51'. 
Example II. Given a = 64.82, A = 10° 3'. 
Answers. c = 371.4, 6 = 365.8, B = 79°57'. 

§ 70. Case IV. Oiven the hypothenuse and an acut$ 
angle. 
Example I. Given c = 426.7, A = 34° 15'. 
Answers, a =240.1, 6 = 352.7, B = 55°45'. 
Example II. Given c = 371.4, A = 10° 3'. 
Anders. B = 79° 57', 6 = 365.8, a = 64.82. 



EXAMPLES. 






ic = 0.8423 


A =42" 28' 


= 90' 


solve 


c = 0.4497 


3 = 51" 25' 


C = 90° 




a = 984.2 


A = 22° 59' 


C = 90° 




6 = 6.732 


A =79° 13' 


C = 90° 




o = 31. 


B = 86°18' 


C = 90° 




6 = 984.2 


B = 22°59' 


C = 90° 




c=73 


6 = 55 


= 90° 




c = 9 


6 = 8 


C = 90° 




c=1006. 


a = 1000 


C = 90° 




c = 86 


o = 17 


C = 90° 


41 • 


a = 0.1 


6=1.069 


C = 90° 




a = 272 


6 = 224 


C = 90° 
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2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 

13. Given one leg equal to .7, and the angle opposite 
this leg equal to § the angle opposite the other leg : solve. 

14. If one leg of a right triangle is | the hypothenuse, 
what are the angles of the triangle? and what is the ratio 
of the other leg to the hypothenuse? 

15. Given one leg (a) and the perpendicular fix)m the 
right angle on to the hypothenuse : solve. 

16. Having measured a distance of 200 feet in a direct 
horizontal line f^om the bottom of a steeple, the angle of 
elevation of its top was found to be 46^ 30^ : find the 
height of the steeple. Ans. 210.8 ft. 

17. A river whose breadth ao is 200 feet runs at the 
foot of a tower cb which subtends an angle bag of 
25° 10' at the edge of the bank; find the height of the 
tower. Ana. 93.98 ft. 

18. A person on the top of a tower 50 feet high 
observes the angle of depression of two objects on the 
horizontal plane, which are in the same straight line with 
the tower, to be 30° and 45° : find their distances fh)m 
each other and from the observer. 
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19. A tower 150 feet high throws a shadow 75 feet long 
apon the horizontal plane on which it stands: find the 
sun's altitude. Ana. 63^ 26'. 

20. A tower stands by a river. A person on the oppo- 
site bank finds its elevation to be 60""; he recedes 40 
yards in a direct line from the tower, and then finds the 
elevation to be 50"" : find the breadth of the river. 

21. A rope is fastened to the top of a building 60 feet 
high. The length of the rope is 109 feet : find the angle 
at which it is inclined to the horizon. Ans. 38° 24'. 

22. Standing straight in front of a house, opposite one 
comer, I find that its length subtends an angle whose tan- 
gent is 2, while its height subtends an angle whose tangent 
is } ; the height of the house is 45 feet : find its length. 

23. From a balloon which is directly above one town, is 
observed the angle of depression of another town, 10° 14'. 
The towns being 8 miles apart, find the height of the bal- 
loon. ^n«. 1.444 miles. 

24. Given an angle and the area : find formulas for the 
three sides. £. g. A = 38° 27% area 158.4. 

25. Prove that in a right triangle, area = 8 ( « — c ) , 
where C is the right angle, and a = J (o-j- 6 + ^) • 

26. Wishing to know the height of an inaccessible hill, 
I took the angle of elevation of its top to be 60° ; I then 
measured 100 feet away from the hill, and found the angle 
of elevation to be 45° : what is the height of the hill? 

27. Find the angle which a flagstafi* 5 yards long, and 
standing on the top of a tower 200 yards high, subtends 
at a point in the horizontal plane 100 yards from the base 
of the tower. Ans. 0° 34'. 

28. The depth of a dam is 8 feet ; the width at the top 
is 10 feet ; the inclination to the horizon of each side is 
38° 53'. Find the width of the dam at the bottom. 

Ans. 29.84 feet. 
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29. When the altitude of the sun is 30"", the length of 
the shadow east by Bunker Hill Monument is 381.1 feet. 
Find the height of the monument. Ans. 220 feet. 

30. The earth's radius is 3,963 miles. Find the radius 
of the circle of latitude through Cambridge, Mass. (lat. 
42° 23'). Am. 2,927 miles. 

31. Find the length, in geographical miles/ of the arc 
of the circle of latitude joining Halifax (long. 63° 35' W. ; 
lat. 44° 40' N.) with Cape Ferret, near Bordeaux, France 
(long. 1° 14' W.; lat same as that of Halifax). 

Ans. 2,661 miles. 

32. A regular heptagon is inscribed in a circle the ra- 
dius of which is 6.6. Find a side and the area of the 
heptagon. Ana. Side, 5.726 ; area, 119.2. 

* A geographical Jiile is the length of an arc of 1' measored on 
the earth's equator. 



CHARTER VI. 



FORMULAS RELATING TO OBLIQUE TRIANGLES. — SOLUTION 
OF OBUQUE TRIANGLES. 

§ 71. The sides of any triangle are proportioned to the 
sines of the opposite angles. 



FIG. 41. 



FIG. 42 




From B and c (Figs. 41 and 42) let fall the perpendic- 
ulars p and p on b and c respectively. Then 



sin 



inA=|, 8inB=? . 8inA_p g g 
^ a ' ' 9inB~ b^p~ b' 

and sin A=^, 8inC=?- . ?yL^_P^y«_a 
^ « ' *sinC~c^/~c 






From (a) we get, -^ -.. ^ 
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From(^) weget,^7~^ = 



sin A 



sinC 
sinB 



c 
' sin C 



[67] 



In applying the above to Fig. 42, we must remember 
that sin B is equal to the sine of its supplement cbp. 

$ 72. The »um of any two sides of a triaiigle is to their 
difference as the tangent of half the sum of the opposite 
avgles is to the tangent of half their difference. 

From [67] we get, by the theory of proportions, — 



a-^-b sin A -|- sin B 



,tani(A+B) 



a — b 8inA— 8inB~^y ^^^tani(A— B) 



,[68] 



In like manner 



a + c _ tan^(A + C) 6 + c _ tan|(B + C) 

a — c~tani(A — C)' 6 — c""tani(B — C)' 



§ 73. The square of any side of a triangle is equal to 
the sum of tlie squares of the other two sides, minus twice 
the product of those aides into the cosine of their included 
angle. 

FIG 43. PIG ^• 




Through c in the triangle abc 
(Figs. 43, 44, and 45) draw PC 
perpendicular to c. In each fig- 
ure, then. 
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but pb:=fa4-ab = — AP+C (v- §3, rf.) 

.•.PB* = AP* — 2aPC4-C*i 

.-. a*=pc*+AP*4-c* — 2 APc, 

AP 



but COS A = 



b' 



[69] 



.'. AP=6co8 A, and vc*-\'AP*=h* 
.•. a* = 6* -{" ^^ — 2 6 c cos A, 
and in like manner 

6*=c«4-a*— 2caco8B, 
c*=a«+6*— 2a6cosC. 

Corollary. Formula for the diagonal of a paraZleto- 
graffi. 

Let w denote an angle of a parallelogram, m and n its 
sides, d the diagonal which divides ta, and ta^ the supple- 
ment of w, 

B}' constructing a proper figure it can be readilj'^ seen 
that d, m, and n form a triangle in which the angle 
included by m and n is to^. 
, .-.by [69],- 

d^ = m* + w* — 2mncostOj ; 

but since w and w^ are supplements, we have, — 

cos ti?! = — cos to; 

.'. d* = m^+n* + 2mncosw. [70] 

§ 74. Formula for the side of a triangle in terms of the 
cosines of the adjacent angles and the other two sides. 
From Figs. 43-45, it is evident that, — ' 

a = 6 cos C + c cos B , 

6 = ccosA-|^aco8C, [71] 

c = a cos B -|-6 cos A. 
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From [71] all the relations between the bIz parts of a 
triangle can be deduced by algebraic transformations ; but 
the processes are somewhat longer than those given in the 
text. 

§ 75. Formulas for sine and cosine o/ ^ A, ^ B, and \ C. 
From [69] we find 



cos A 



~ 26c 



by [27 III.] 1— 2 8in«iA, 

2hc 



* 26c 26c 



_ qa_(5a_26c+c*) _ (a— 6+c)(a+6 — c ) 
26c ~ 26c ' 

put 2«=:a4-& + ^» •'• ® — 6 + c=:2 (« — 6) 
and a + 6 — c = 2 (« — c) 

o • 21 A 2(« — 6)2(s — c) 
^ 2 6c 



•••-U=+-^(l^Mizi^), 



and in like manner 
sin 






[74] 



sm 

Also, — 

6«4-c«— a« 
cosA= 2hc =^y[27II.]2cosHA— 1, 



• A, B, and C are less than 180<>, and i A, i B, and i C are less 
than 90**: we must then give the + sign to the radicals. 
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By [26],- 

sin A = 2 sin ^ A cos ^ A. 

•*• substituting in [75] we get, — 

K = ^&c2sin^A cos ^ A. 

.-. by [72] and [73],— 

\ — b)(8 — c) (s — a) 8 



K=.gil 



bc' be 
=V« {8 — a){8 — b){8 — c) 



[77] 



§ 78u Formula for the area of a triangle, in terms of s 
and r (the radius of the inscribed circle) . 



Let o ( Fig. 47 ) be 
the centre of the in- 
scribed circle; then each 
of the lines ol, om, and 
ON, perpendicular to a, 
6, and c respectively, 
will be equal to r. 



Now, the triangle 
ABC = Boc 4" COA + AOB = ^ar-]-^br-\'^cr. 

.-. K = i(a + 6 + c)r = 5r [78] 

§ 79. Formula for the radius of tJie inscribed circle, in 
terms of s, a, 6, and c; and in terms of s. A, B, and C. 

By [78] and [77],— 




« X s 



[79] 
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From [79] and [74] we get, — 

r = s tan i A tan i B tan i C. [80] 



§ 80. Formulas for tan J A, tan ^ B, and tan \ C, in 
terms of r, s, a, 6, and c. 

Dividing both sides of [79] by « — a, we get, — 

r Us — b){s — c) 

8 — a \ s{s — a) 

.-. by[74],- 

taniA= ** 



8 — a 



and in like manner 



tan i B = 



tan i C = 



s — b 
r 



— c 



[81] 



§ 81. Formulas for the perpendiculars Pai l>6» and Pc* 
from the angles upon the sides a, 6, and c respectively. 



be 
2>„=68inC = c sinB = by [67] — sinA 



.•.by[75]p„ = 



2K 



and in like manner 



[82] 



Pb = 



2K 



Pc = 



2K 



80 



PLANE TRIGONOMBTBY. 



§ 82. Formulas for radius of circumscribed cirde (R), 
in terms of a side and the opposite angle; and in terms of 
K, a, &, and c. 

In Fig. 48 draw the radius od perpendicular to bc ; 
therefore by geometr}', — 

FIG 48. 




and 



EB = i CB = i a, 
arc DB = i arc cb ; 
the angle dob = A. 



R 



.*. CSC DOB ^ CSC A = :i — 

.«. R = ^acsc A. 

By[75],- 

sm A= T— = r ••• CSC A = 

c CSC A 

.-^«-. -^ ab c 
.•.by[83]R=^- 



6c 
2K 



[83] 



[84] 




NoT«. — In each set of formulas numbered 67, 69, 71, 72, 73, 74, and 
82, the first is perfectly general: from it, therefore, 
the other two can be obtained by direct substi- 
tution. The work of substitution is made easier 
by the following rule : Given the first in each set, 
the others are obtained by advancing the letters; 
that is, by substituting for each letter of the equa- 
tion the next letter in the fixed order indicated by 
the figure in the margin. In this manner, the sec- 
ond of [74], for example, can be obtained from the first, and then 
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§ 83L Solution of oblique triangles, 

'^ We may remark here, that when an angle of a triangle 
is determined from its cosine, versed sine, tangent, cotan- 
gent, or secant, no uncertainty can exist about the angle, 
because only one angle exists less than 180'' for which any 
of these functions has an assigned value. But when an 
angle of a triangle is determined from its sine or cosecant, 
uncertainty may exist, since there are two angles less than 
180° which have a given sine or a given cosecant." — 
TodhwUer. 

There is, however, no uncertainty in the case of right 
triangles, because each angle, except the right angle, is 
acute 

According to the methods of solution which we shall 
adopt, there is only one case of oblique triangles where 
there can be any uncertainty in the angle : this case will 
be fully discussed hereafter (v. Case II. § 85). 



§ 84. Case I. Given two angles and a side, — A, J5, 
and a . find C, 6, and c. 

A + B + C=180% .-. C = 180°— (A + B). 



the third from the second, and the first again from the third. In 
like manner, the second may be obtained from the third, the first 
fiom the second, and the third from the first, by moving the letters 
back. 

By the above rule, we can get from [76], — 
K = ica sin B, 
and K==ia&sinC. 

Also from [83] we can get, — 

R = i&cscB, 
and Bss^ccscO. 
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By [671, 

a h c . asinB . _, . 

-; — . !=-:— =, = -r-7^, .•. 6=-; — - =asmBc8cA, 
sin A sinB BinC sin A 

_ asinC . r. a 

and c = — : — r-=ct8mCc8cA; 

smA 

.'. log 6 = log a + log sin B -|- log esc A, 

and log c =r log a -|- log sin C -)- log esc A. 

Example I. 

Given A = 36 ° 56', B = 72 ° 6', a = 36.74 

log esc A = 0.2212 log esc A = 0.221 2 
log sin B = 9.9784 log sin C = 9.9756 
log a =1.5652 log a =1.5652 

log 6 =1.7648 logc =1.7620 
b =58.19 c =57.81 

A + B=109°2' 180°— (A + B)=C = 70°58' 

Example II. 

Given a = 0.3578, B = 32° 41', C = 47° 54'. 

Answers, 

A=99° 25', 6=0.1959, c = 0.2691. 

§ 85. Case II. Given two sides and an angle opposite 
one oftJiemy — a, 6, and A; find c, B, and C. 

It has already been stated (§ 63) , that, in general^ a tri- 
angle can be solved when any three of its parts are given, 
provided one of the given parts is a side. It will now be 
shown, that, in the present case, the given parts can be so 
related to one ahother, that two different triangles can be 
obtained from them, that a single triangle can be obtained 
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fh>m them, and that no triangle can be obtained from 
them. 

Suppose A to be less than 90°. 

(1.) Make A (Fig. 49) eqnal to the given angle, and b 
equal to one of the given 
sides. From c as a centre, 
with a (the other given 

. side) as a radius, describe ^^ / \* 

an arc. If a is sufficiently 
lai^e, and at the same 
time less than 6, our arc ** 
will cut AB in two points, b and b', both on the same side 
of A, and we shall have two triangles, abo, ab'c, each of 
which will satisfy the conditions. 

(2.) If a is 
equal to or 
greater than 6, 
there will be 
only one trian- 
gle which will 
satisfy the con- 
ditions (v. Fig. 50). 

(3.) If a is just equal to the perpendicular let fall from 
c to AB (Fig. 51), then the arc will fig. si. 

cut the line ab in only one point, b, 
and we shall have only one triangle, 
namely, the right triangle abc. 

(4.) If a is less than bo (Fig. 50), then the arc does 
not cut the line ab, and there is therefore no triangle 
which will satisfy the conditions* 

The length of the perpendicular bc (v. Fig. 51) is evi- 
dently h sin A. 
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The student will note tliat when there are two solutions 
(v. Fig. 49), we have, — 

cb'a = ISC'* — bb'c = 180° — CBA ; 

i.e., the two values of B are supplements. 

When there is only one solution (Figs. 50 and 51), B 
cannot be greater than 90°. . 

Collecting the results of our discussion, we have, when 
A is acute, — 

Two solutions, when a < &, and a > 6 sin A, 

One solution, when a=&, or a >&, or a =6 sin A, . [85] 

Xo solution, when a < & sin A. 

p'G.52. When A = 90°, or 

A > 90®, we can never 
have two solutions, as 
can readily be seen from 
Fig. 52 ; and there will 
>*B be no solution when 

a < 6, or a = 6. 

In the present case, we have given, as has already been 
stated, a, &, and A. 

By [67],- 

a h c 

sin A sin B sinC ' 

. ^ 6 sin A 

.•. smB= 

a 

.'. log sin B = log 6 + log sin A + colog a, 
C = 180°— (A + B). 

log c= log a + log sin C -f- log esc A. 
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Example I. Given A = 32° 43', o = 988.1, b = 672.8. 
A is acute, and a> h; therefore, by [85], we shall have 
only one solution, and B most be acute. 

log h = 2.8276 log a = 2.9948 

log sin A = 9.7328 log sin C = 9.9096 

colog a = 7.0052 log esc A = 0.2672 

log sin B = 9.5656 log c = 3.1716 

c=1484 
B = 21° 35', 180° — (A 4- B) = C = 125° 42^ 

Example IL Given A = 48° 34, a = 46.24, b = 60.02. 
A is acute, a < 6, and a > 6 sin A ; therefore, by [85], 
we shall have two solutions ; and the two values of B 
(B and B') will be supplements of each other. 



colog a = 8.3350 




B = 76° 43' 


log 6 ==1.7783 




B'= 103° 17 


log sin A = 9.8749 




C = 54° 43' 


log sin B = 9.9882 


C'=28°9' 


log a = 1.6650 




log a =1.6650 


log sin C = 9.9119 


log 


sin Cr = 9.6738 


log CSC A = 0.1251 


log 


CSC A = 0.1251 


log c= 1.7020 


log c'= 1.4639 


c = 50.35 




0^ = 29.10 



Example III. 

Given a = 49.00, c = 31.24, C = 32° 18'. 
Answers. 

A = 56° 55', B = 90° 47', 6 = 58 47. 

A' = 123° 05', B' = 24° 37', b' = 24.36. 
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!8& CasbII. Second meihod, 
Oiven a, b and A ; Jind c, B and C. 

When a is only a little lai^i 
than p {b sin A) , the angles B 
and B' will diflTer little from 90°, 
and cannot, therefore, be deter- 
mined with accaracj from their 
sines (v. § 62). In this ease, 
the following method will give 
more accurate results: b and 
A being given, we can, by § 69, 
solve the right triangle adc 
(Fig. 53) , and find ad and p. 
Now, a and p being known, we 
can, by § 68, solve the triangle 
BDC, or its equal, b'dc, and find the angles B and bcd 
[=b'cd], and the side db. 

From the above, we can find the required parts of the 
ti-iangles abc and ab'c, for 

c = AD + db, </ = ad — b'd, 

C = ACD 4- DCB z= 90** — A -f- DCB, 
C= ACD DOB [== b'cd] 

As has been stated before, when b and b' fall on oppo- 
site sides of the point a, there will be only one solution ; 
i.e., when b'd > ad, or when c' is negative. 

Example. Given A = 85° 2', a = 1076, 6 = 1078. A 
is acute, a < 6, and a > 6 sin A: therefore, by [85], 
there are t^vo solntions ; — 

lat, Solve, by § 69, the right triangle adc (Fig. 53) 

log cos A = 8.9374 
log 6 = 3.0327 



log sin A = 9,9984 
log 5 =3,0327 



l0gp = 3.0311 log AD = 1.9701 

P=^074 AD = 93.35 

ACD = 90 — A = 4'* 58' 



OBLIQTJB TBIANGLB8. 87 

2d, Solve, by § 68, the right triangle bdc. 
Substitutmg, in [66], we get, — 
. , la — p 

Sm * DCB =: I ^ , . . /v «/v* /v 

* ^ 2a log (a —|j)= 0.8010 

a—p= 2. log (a +i)) =8^8324 

a+p = 2150. 2 1 8.6884 



2 a = 2152. log bd = 1.8167 

BD = 65.57 

log (a —/>) = 0.3010 
colog 2 a = 6.6671 



2 1 16.9681 
log sin ^ DCB = 8.4840 
iDCB = r 45' 
i>cb = 3°80' = dcb' 
From the above we get — 

acb'=1°28' c' = 27.77 

acb=8*'28' c = 158.9 

§ 87. Case III. Oiven two sides and the included 
angle a, &, and C. 

A+B = 180'*— C. 
By [68] we have 

a+g> _ tan|(A+B) 
a — ft— tani(A — B)' 

.-. (a-|-6)tani(A— B) = (a— 6)tani(A+B), 

.•.tani(A-B) = ^Jtani(A+B), 

••. log tan i (A— B)= log (a — 5)4- log tan i (A+B) 
-fcolog(a-|-5). 
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We now have ^ (A + B) and ^ (A — B). 

But i (A — B) +i (A-j-B) = A, 

and i (A + B) — i (A — B) =B. 

We now have to obtain c, which we do as in Cases I. 
and II. 

By [67],- 

a c a sin C 

C: 



Sin A sin C sm A 

.•. log c = log a -|- log sin C + log esc A. 
Example L 

Given a = 48.72, 6 = ^984, C = 68° 34'. 
A + B = 180 — C = lll° 26', 
i(A + B)=55°48: 
a + 6 = 52.704colog(a + 6)= 8.2782 
a — 6 = 44.736 log (a — 6)= 1.6506 
logtani(A + B)= 0.1664 
log a =1.6877 logtan^ (A — B)= 0.0952 

log sin C = 9.9689 i(A — B)= 5^14' 

log esc A = 0.0193 i(A-fB) = j55M3' 

log c = 1 .6759 A = 106° 5T 

c= 47.41 (v. note). B= 4° 29' 

Example II. Given a =7.942, 6 = 9.998, C = 72° 9'. 
A + B = 180° — C = 107° 51', 
i(A + B)=53°55'.5. 



Note. — c might have been obtained directly from the given parts 
by the formula c^ssa^-ffes — 2a6co8 C; but the above method 
is to be preferred, since the formula there used is adapted to loga* 
rithmic computation. 
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a-\-b= 17.94 colog(o -1-6) =8.7461 

a — 6 =—2.056 log (a — 6) =0.8131 n 

log a =0.8999 logtan^ (A-|-B)= 0.1376 

log sin C= 9.9786 log tan ^A — B) = 9.1968 n 

log CSC A = 0.1507 i(A — B)=— 8°56'.8 

logc = 1.0292 i(A-|-B)=53°55'.5 

c= 10.70 A=44^ 58^.7 

B = 62° 52^.3 
In solving a triangle like the above, negative quantities 
can Be avoided, if use is made of the following fonn 
of [68],— 

6+a_ tan^(B-f-A ) 
b — a tani(B — A)" 

Example III. 

Given a = 6.239, 6 = 2.348, C=110° 32'. 
Answers. A = 52*' lO', B = 17° 18', c= 7.398. 

§ 88. Case IV. Given the three sides a, 6, and c. 
s=^(a + 6-f-c). 

We can use here either [72], [73], [74], or [81] ; but 
[74] or [81] are to be preferred, since, by their use, accu- 
rate results can be obtained for all values of the angles 
sought (v. § 62). 

We will first use [74] which is, — 

taniA = -h l (^-^)(^-c) ^ 
' \ s(s — a) ' 

taniB = -h K^-^)(^-^) , 

« » yj s(s — b) ' 
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.•.logUniA=i[log(«— 6)+log(«— c) 

log tan i B = i [log (« — c) ^log (« — a) 

+ oolog«+colog(« — 6)]. 

logtan iC = i Dog («—«) + !<« («—^) 

+colog« + colog(« — c)]. 

Any two angles having been found, it is evident that 
the third can be found from the equation, 

A + B + C = 180\ 

It is better, however, to find each angle independently, 
and then to use the above equation to test the accuracy of 
the work. 

Example. Given a = 0.0886, b = 0.1642, c=0.1022. 

2 8= 0.3550 

8= 0.1775 loga= r.2492 

8 — a= 0.0889 log (a — a) = 2.9489 

8—b= 0.0133 log(« — 6)= 2.1239 

« — c= 0.0753 log(« — c)= 2.8768 

log (a — 6)= 2.1239 log(« — c)= 2.8768 

log(« — c)= 2.8768 log (8 — a) = 2.9489 

colog a = 10.7508 colog«= 10.7508 

colog (a— a) = 11.0511 colog («— 6) = 11.8761 

2 1 18.8026 2 1 20.4526 

logtaniA= 9.4013 logtanJB= 0.2263 

iA=14°9' tB = 59M8 

A = 28** 18' B = 118** 36' 
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log(« — a)= 2.9489 
log(»— 6)= 2.1239 
colog 9 = 10.7508 
colog(«—c)= 11.1232 
2 [ 18.9468 
log tan ^C= I 9.4734 
iC = 16°34' 
C = 33°8'. 
Check. A + B + C = 180*^ 02^ (y. note) . 

§ 89. We will now solve the problem by [81], which 
is well adapted to logarithmic computation when all the 
angles are required. 
By [81],- 

logtaniA = logr-f-colog (« — a), 
logtan^B = logr-|-oolog(» — 6), 
logtanJC = logr-f-colog (a — c). 
By[79],- 

logr=i[log («— a)-f-log («— 6)-f-log («— c)+cologs]. 
Example I. Given a = 409, 6 = 241, c= 182. 

a = 41 6 cologs = 7.3809 

a— a= 7 log (a — a) =0.8451 

'a — 6 = 175 log (a — 6) =2.2430 

a — c = 234 log {8 — 6)= 2.3692 

2 1 2.8382 

logr= 1.4191 

l<^taniA = 0.5740 iA = 75° 4' 

logtan^B = 9.1761 iB = 8° 32' 

log tan i C = 9.0499 J C = 6° 24' 

HoTB. — If the error (v. § 62) does not exceed 2ft the work is 
probably correct. 
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AzizlSO*' 8', B=zir 4', C = 12° 48'. 
Check. A+B + C = 180°. 

The formulas used in § § 88 and 89 were selected be^ 
cause they were adapted to logarithmic computation. 
It is po88itle^ however, to solve the problem by [J^^"]* 

Example II, 

Given a =17.865, 6 = 13.349, c = 11.111. 
Answers. 

A = 93° 23', B = 48° 14', C = 38° 23'. 



£XA31PLES. 



1. 


GivenA=87° 12' 


8 = 123' 7' 


a =.0841 8 


2. 




A = 18° 17' 


B = 94° 9' 


6 =8400 


8. 




B = 160°19' 


= 10° 0' 


6 =9.006 


4. 




B=85<» 18' 


C = 4°42' 


c =1 


5. 




a =583.1 


6=508.7 


A = 78° 13' 


6. 




a =.0008 


6 =.0007 


3=40° 16' 


7. 




a =18.91 


6=9.846 


A = 9° 19' 


8. 




6 =1781 


c =982.7 


B=123°16' 


9. 




6 =81.04 


c s= 98.76 


B=24°18' 


10. 




a =78.91 


6=68.78 


0=98° 17' 


11. 




c =16.70 


o = 14.39 


B=16°16' 


12. 




a =17.28 


6=9.861 


c =23.01 


13. 




a =8.067 


6=1.76 


c =7.001 


14. 




a =8.981 


6=10.08 


B=120°8' 



solve. 



15. Consider each of the following triangles, and deter- 
mine whether it is possible, or impossible ; if possible, 
whether it has one, two, or more solutions. Give in fUU 
the reasons for your conclusions. 



OBLIQUB TBIANGLBS. M 

(1.) A=81** 59^ 82" B=W 38' 12" C=68** 27' Ift" 
(2.) A=38° 3& B = 56^ 27' C=84* 12'. 

(3.) a = 121 6 = 115.86 B=94** 16'. 

(4.) A=30*' 6 = 175.2 a = 150. 

(5.) A=30'' 6 = 175.2 a =87.6. 

(6.) a=34.27 6=27.84 c =62.18. 

16. Each of two ships, half a mile apart, finds the 
angles subtended by the other ship and a fort to be 
respectively 85'' 15' and 88'' 45' : find the distance of each 
from the fort. 

17. From a station, B, at the base of a mountain, its 
9ammlt A is seen at an elevation of 60'' ; after walking 
one mile towards the summit, up a plane making an angle 
of 30^ with the horizon, to another station, C, the angle 
BCA is observed to be 135'' : find the height of the moon- 
tain in yards. 

18. From a window in the same horizontal plane witt 
the bottom of a steeple, the angle of elevation of the top 
of the steeple is 40" ; and from another window, 18 feet 
directly above the former, the angle of elevation is 87" 30' : 
find the height and distance of the steeple. 

19. Two men standing at the same point, C, observe the 
horizontal angle subtended by the line joining two inac- 
cessible objects, A and B ; they then move away, one in 
the direction AC to D, the other in the dirjection BC to £, 
until each observes the horizontal angle to be half what it 
was before : determine fche distance AB when ACB=30'', 
CD = 100, CE = 200. 

20. To determine the distance between two inaccessible 
objects, A and B, a person measures the distance between 
any two points, C and D, in the same plane with A and B : 
at C he observes the angles DCA and ACB ; and at D^ 
the angles ADB and BDC : determine the distance AB 
when CD= 100 feet, DCA=40", ACB=30'', BDC=20'', 
ADB=10". 
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21. Given B, a, and the area : solve the triangle. 

22. The length of a road in which the ascent is 1 foot 
in 5, from the foot of the hill to the top is a mile and two- 
thirds. What will be the length of a zigzag road in whidi 
the ascent is 1 foot in 12? 

28. Given a = 24, 5 = 30, c=18 : find the area. 

24. Two angles of a triangle are lO"" and 45^, and the 
included side is 10 feet: find the area. 

25. Two sides of a triangle are eqaal to 8 and 12, and 
the included angle is 30^: find the hypothenuse of an 
equivalent right isosceles triangle. 

26. The diagonals of a quadrilateral are in length a and 
6, and intersect at an angle A : prove area = ^ a & sin A. 

27. Having measured a base line of 400 yards, whose 
upper end was 24 feet higher than the lower one, in the 
same vertical plane with the top of a hill, I found the 
angles of elevation of th^ top of the hill fh)m the lower 
and upper ends of the base line to be 5^ 17' and 3° XT' re- 
spectively : find the height of the hill. 

28. Being at sea, we saw two headlands, of which one 
bore S.W. by W., and the other W. by N. The chart 
showed that the first headland bore S.£. from the second, 
and was distant from it 23.25 miles. Find our distances 
from both headlands. Ans. 18.27 miles ; 32.25 mUes. 

29. Two ships sail from the same port, the one S.W. 30 
miles, and the other S.E. by S. 40 miles. Find the bear 
ing and distance of the second ship from the first 

Ana. S. 74"" 30" £. ; 45.08 miles. 

80. An observer from a ship saw two headlands; the 
first bearing N.E. by £., and the second N.W. After he 
had sailed N.N.W. 10.25 miles, the first headland bore 
E. by N., and the second W.N.W. Find the bearing and 
distance of the first headland from the second. 

Ana. N. 88"* 02" £., or nearly due east; 85.25 miles. 
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31. An observer saw two headlands; the first bearing 
S.E., the second E.S.E. After sailing E. by N. 10 miles* 
he saw the first bearing S. by E., and the second S.E. by 
S. Find the bearing and distance of the first headland 
finom the second. Ana. S.S.W. 6.89 miles. 

82. At one station the bearing of a cloud is N.N.W., 
and its angle of elevation 50^ 85'. At a second station, 
bearing from the first N. by E., and distant 1 mile, the 
bearing of the cloud is W. by N. Find the height of the 
oloud, and its distance from each station. 

Ana. 7727 feet; 10002 feet; 8494. 

BS. Li the midst of a level plain, which is crossed by a 
straight road, stands a tower 250 feet high. An observer 
at the top of the tower sees an object which moves on the 
road. At first it bears N.N.W., and its angle of depres- 
sion is 16® 08'; five minutes later it bears E. by S., and 
its angle of depression is 82® 18^. Find the direction of 
the road, its distance from the tower, and the rate at 
which the object is moving. 

Ana. S.E. ^ S. ; 250.9 feet ; 2.575 miles per hour. 

34. Given: a =12.34 chains, 6=17.97 chains, C = 
135®.04. 

To be computed : Area= 7.832 acres = 7 acres, 3 roods, 
13 rods. 

35. Given : a = 17.95 chains, B = 100®, C = 70®. 

To be computed : Area = 85.90 acres = 85 acres, 
3 roods, 24 rods. 

36. Given: a = 45.56 chains, 6 = 52.98 chains, c = 
61.22 chains. 

To be computed: Area = 117.3 acres =117 acres, 
1.2 roods. 

37. Given: a =: 32.56 chains, 6 = 57.84 chains, c= 
44.44 chains. 

To be computed: Area =: 71.93 acres = 71 acres, 
8 roods, 29 rods. 
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86. Prove that the resalts contained in [85] § 85 are 
oorreot by the aid of the following principles : — 

&8inA 



sinB: 



A + B + C = 180*' 



and, in any triangle, the greater side is opposite the 
greater angle. 







APPENDIX 1. 



§ L The triangle of reference can be formed as stated 
in § 22, and also by dropping a perpendicular from any 
point of the terminal line on the axis t^t. Thus in Fig. 
2^ (§ 4, Ap.), we may take oc'b' as a triangle of reference 
for xop^, and we then have x=(fB'y y = oc', r = 0B' ; so 
that X is negative, and y and r positive. So for xop"', in 
the same figure, we may take x = o^'V, y = oc^^' 



§ 2. To find the functions ofq>±k 860^, where k is any 
integer. 

Let 9 be any value of an angle xop in any quadrant 
(Fig. 2^, § 4, Ap.). If any multiple of 860° be added 
to or subtracted from qp, the result is also a value of 
the angle xop (v. § 18) ; and the triangle of reference 
for 9 is also a triangle of reference for 9 ± fc 360**. 
Hence the values of all the trigonometric functions arc 
the same, both in numerical value and in sign, for 9 and 
qi±k 860°, that is, for any value of an angle xop. 

This property of the trigonometric functions is some- 
times expressed by saying that they are periodic functions, 
admitting the period 860°, or 2 n. We shall see presently, 
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no. ia. 



that the tangent and cotangent admit the simpler period, 
180**, or n 

%Z. To find the functions of — qp. 
Let g) be any value of an angle in any quadrant, as xop, 

xop', xop", or xop'" 

C^'ig-U)- Then will 

— 9 be a value of the 

angle xop'", xop", 

xop', or XOP. From 

any point of the 

terminal line of g), as 

B, b', b", or b'", drop 

a perpendicular on 

the initial line, and 

produce it to meet the 

terminal line of — 9 

at b'", b", b', or b. 

We thus form tri- 

^ y' V angles of reference 

for g) and — qp; and, in the two triangles thus formed, 

the bases and h}7)othenuses are equal in numerical value 

and in sign, while the perpendiculars are numerically 

equal, but opposite in sign. Hence all the trigonometric 

functions of 9 and — qp are numerically equal ; but those 

functions into which the perpendicular enters are opposite 

in sign. That is, 

sin ( — qi) = — sing), esc ( — g?) = — cscg 

cos ( — gj) = cosg), sec ( — g?) = secg>, [1a] 

tan ( — g)) = — tan g), ctn ( — g)) = — ctn g). 




§ 4; To find the functions of 90° + g). 
Let g) be any value of an angle in any quadrant, as 
XOP, xop', xop", or xop"', in Fig. 2^, where pop', p'op", 
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p"op'", and p'"op are positive right angles. If 90** be 
FIG. 2a. added to any of 

p/ Y these angles, it is 

converted into the 
next following angle 
of the series; and 
its triangle of ref- 
erence is turned 
through a positive 
right angle (t;. § 1, 
Ap.). Now, by vir- 
tue of this rotation, 
the base of the tri- 
angle of reference 
of qp becomes the 
perpendicular of the 
triangle of reference of 90° +9^1 ^^^ ^^^ ^^^ change its 
sign ; but the perpendicular of the triangle of (p becomes 
the base of the triangle of 90° -|- qp, and is reversed in 
sign; while the hypothenuse remains unchanged. That 
is, oc becomes oc', oV becomes c"b", &c., cb becomes 
&B% oo' becomes oo", &c ; or we may write — 

base = perp' = — base" = — perp'" = base^^, 
perp = — base' = — perp" = base'" = perp^. 

Hence, for each value of qp, — 




sin op = ^-2 becomes 

hyp 



^JP 



= — cos(90° + g)) 



cos op = -; becomes ^—^ = sin (90° + qp) , &c 

hyp hjT) 

Thus we have, — 
8in(90°4-qp)= cosqp, C8c(90°+qp)= secqp, 
cos(90°-|-<3P)= — sinqp, sec (90°4-<]P) = — cscqp, 
tan (90°+ 9) = — ctnqp, ctn (90°+ qp) =— tanqp. 



[2a] 
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§ 5. To find the functions of 90° — g) and g) — 90°. 

Since formulas [2^] are true for any angle g), we may 
substitute — qp for g) in those formulas. 



Thus we have, by [1a] » 

sin (90° — g)) = cos ( — g)) = cos g), 
cos (90° — g)) = — sin ( — qi) = sin g), 
tan (90° — g>) = — ctn ( — qi) = ctn g), 
ctn (90° — g>) = — tan ( — g)) = tan g:, 
sec (90° — g)) = — CSC ( — g)) z= esc g), 
CSC (90° — g)) = sec ( — g)) = sec g?. 



[3J 



Again : putting 90° — g) for g) in [1a]? or qc — 90° for 
— gj, we have, — 



sin (g? — 90°) = — cos g^, 
cos (g) — 90°) = sin g), 
tan (g) — 90°) = — ctn g^, 
ctn (g) — 90°) = — tan g^, 
sec (g) — 90°) = esc g^, 
CSC (g) — 90°) = — sec g). 



[4a] 



The angles g) and 90° — gj are complements of each 
other: therefore, from [3a], we see that 

The cos of any angle is its compUmenVs sin^ 
The CSC of any angle is its complemenfs sec, 
The ctn of any angle is its complement's tan. 

§ 6. To find the functions of k 90° ± (f^ when k is any 
integer, positive or negative. 

The solution of this problem requires only the repeated 
use of [2^], [3a], and [4^]. 
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Thus, puttiiig OO"" -f- 9 for 9, in [2^, we have, — 

sin (lao^'+g)) = cos (90* + g)) = — sin^* 

COS (180**+ g)) = — sin (90** + ?) = — ooe g>, [6^] 

tan (180**-t-qp) = — ctn (QO^' + g^) = tan^. J 

and the reciprocals of these results are the esc, sec, and 
ctn of (180'' -f 9). We see by these formulas, that the 
tangent and cotangent admit the period 180°, or n (v. f 2, 
Ap.)- 
Pntting 180''-}' 9 ^<>^ ?9 ^ L^a]^ we have again, b; 

sin (270'' + 9) = «>s (180*' + g)) = — cos g), 

cos(270''-t-9)= — 8in(180'' + g>)= «» 9, ► [6 J 
tan (270'' -f qp) = — ctn (180'' 4- 9) = — cto 9. 

Patting 270" -{-9 for qp, in [2^, we have the ftmctiona 
of 860" -j-g), which we have already shown, in § 2 Ap., 
to be equal to the flinctions of qp. 

Patting 90" — 9 for g), in [2^], we have, by [3a],— 

sin (180" — gj) = cos (90" — g)) = sin 9, 
cos(180" — 9)= — 8in(90" — 9)= — cosg), [7^] 
tan(180" — g))= — ctn(90" — g))= — tang). J 

Putting 180" — (p for gi, in [2^], we have by [7^], — 

sin (270" — g))= cos (180" — g)) = — cos g), 

cos (270" — 9) = — sin (180" — gj) = — sin 9, [8^] 

tan (270" —q>)= — ctn (180" — 9) = ctn g). J 

Putting 270" — g) for g), in [2^], we have the functions 
of 860" — 9, which, by § 2, Ap., are equal to the Amo- 
tions of — g). 

Putting q> «— 90" for g), in [4^], we have, — 

sin (g» — 180") = — cos (g)— 90") = — sin g), 

cos (g) — 180")= sin(g) — 90")= — cosg), [9^] 

tan(^ — 180")= — ctn(g) — 90")= tang^. J 



104 



PLANS TBIOONOlfBTBY. 



{30. sin9 = ^chord29 

sin (g) ± A; 860°) = Bin 9) 
cos (g) ± A; 860**) = cos q) J 
sin (ISO"* — 9) = sin g) ) 
cos (ISO"* — 9)= — oo&<p) 

sin (180^ + g)) = — sin 9 ) 
cos (180* -f 9) = — cos g) I 

sin (360° — g)) = sin (— g)) = - 
cos (360° — g)) =cos (—9) = 



f3L 



(32. 



J sin (90°— g))=cosg)j 
1 cos (90° 



* — g>) = cos g) ) 
^ — g)) =^ sin g) ^ 



§3a 



132. 



esc (90° — (p) = secg) 
sec (90° — 9) = C8cg> 
tan(90°— g))=ctng) 
ctn(90°— 9) =tang) 

sin ( 90° +9) = 
cos( 90°+ 9) = 
sin (270° — 
cos (270° — 
sin (270°+ g)) = — cosg)) 
= sin 9 ^ 



cosg)) 
— sin g) J 
9) = — cos g) ) 
g)) = — sin 9 ^ 



• sing) 
cosg) 



[7] 

18] 

[9] 

[10] 

[111 
[12] 

[120 

[18] 
[U] 
[15] 



I3a 



cos (270" + (J)) 

Formulas 8-15 are easily remembered, if we note 
that wlien <p is coupled with 0°, 180°, or k 860°, 
the Ainctions of the angles thus formed, and those 
of g), are numerically the tame; while when <p ia 
coupled with 90°, or 270°, the ftmctions of the 
angles thus formed, and those of qi, are numerieaOy 
complementary. 

The aig^mUc aign is determined in each case by 
supposing gi to be acute, and then notidng to what 
quadrant the resulting angle belongs. 
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S4a 



AnglA 


sin 


CM 


tan 


etB 


SM 


OM 


0' 





1 





00 


1 


00 


80» 


i 


fV^3 


v* 


Vs 


2Vi 


2 


45» 


V* 


Vi 


1 


1 


V2 


V2 


eo" 


iVs 


i 


V8 


Vi 


2 


2Vi 


90" 


1 





00 





00 


1 


120" 


iVs 


-i 


-Vs 


-V* 


— 2 


2Vi 


135° 


Vi 


-Vi 


— 1 


— 1 


-V2 


V2 


150° 


i 


-iVs 


-Vi 


-Vs 


— 2Vi 


2 


180" 





— 1 





00 


— 1 


00 


270° 


— 1 





00 





00 


— 1 


860" 





1 





00 


1 


00 



[16] 



144. 





sin. 


COS. 


tan. 


ctn. 


sec 


CSC 


0" 


TO 


+ 1 


TO 


Too 


+ 1 


Too 


Istqo. 


inc. 


dec. 


inc. 


dec. 


inc. 


dec 


90° 


+ 1 


±0 


±» 


±0 


±00 


+ 1 


2dqu. 


dec. 


dec. 


inc. 


dec 


inc. 


inc. 


180° 


± 


— 1 


TO 


Too 


— 1 


±00 


Sdqo. 


dec. 


inc. 


Inc. 


dec 


dec. 


inc. 


270° 


— 1 


TO 


±00 


±0 


:foo 


— 1 


4th qu. 


inc. 


inc. 


inc. 


dec 


dec 


dec. 


860° 


=f 


+ 1 


TO 


Too 


+ 1 


Too 



S4a 



J sin (a ± |3) = sin a cos |3 ± cos a sin|3 
I cos (a ± ^)=co8acosp T sin asin|3 



t'7] 



[18] 
[19] 
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149. 



lau 



!5L 



. f . ay tan«± tan /? 



Gtn (a ± /)) : 



' ctn ^ ± otn a 



Bin (« -f" P) tan tt + ^'^"^ P ctn^-t-ctng 

sin (a — f) tana — tan^ ctn^ — etna 

coe(a + ^ 1 — tan a tan ^ ctn^ — tana 

COS (a — §) 1-4- tan ft tan /3 ctn /3+ tan a 
8in(a + jJ)8in(a — jJ)=Bin«a — 8in«/J ) 

= co8*p — 008*a J 
COB (a + |3) COS (a — ^ =co8*a — sin*^ ) 

= ooB*|3 — sin'a J 

Bin 2 a = 2 sin a COB a 

ooB2a = cos'a — sin*a (I.) 
= 2co8*a — 1 (n.) 

a (in.) 



tan2a= 



ctn 2 a = 



= 1 — 2sin« 
2tana 



1— tan*a 

ctn'g — 1 
2 ctn a 



sinx = Vi (1 — cosa) 
cos|=Vi(l+006a) 



tan 



ctn 



2~^l — 



— <X)sa 
cosa 

coBa 
008a 



[20] 
[21] 

[22] 
[28] 
[24] 
[25] 
[26] 
[27] 

[28] 
[29] 

[80] 
[81] 
[82] 

[88] 
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152. 



§53. 



otn2a=^(ctna — tana) 
C80 2 a=^ (tan a 4-ctn a) 
tan^a = c8ca — etna 

ctn4a = C8ca-hctna= r-— 

* ' csca — etna 

tan (45**-{~i^) =8eca4-tana. 

tan (46** — ia) =ctn (^b'^^ia) 

1 



= 8eoa — tana=: 



seoa-f-tana 



sin {a + P)+An (a — j}) =2sin aoo8|3 
sin (a + §) — sin (a — j}) = 2 cos a sin j} 
oos(a + P)+cos (a — /3) = 2 cos a cos /3 
oos(a — /3) —cos (a + /3) = 2Binasin/3 
Bina4-8in|3 = 2Bin ^ (a-|-/3) 008^ (a — 
sina — sin^ = 2cosJ (« + /^) «i^i (« — 
cosa-|-co8|3=2cos^ (« + i5) cosi(a — 
cos^ — oosa=2 8in^ (« + ft si*^ i (« — 

sina-f-sinf} tan^ (« + i5) 

sin a — sin/ii tan ^ (a — ^) 
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[86] 
[86] 
[87] 
[88J 

[89] 

[40] 
[41] 
[42] 
[43] 

ft [44] 

ft [46] 

ft [46] 

ft [47] 



S54 

§55. 

«5&| 



COStt — COS I? 

oosa-^cos^ 

Bin « ± Bin I? 

ooBa-|-cos^ 

sin « T BJP ^ 

008^ — OOBa 

sin a < a < tan a 

oosa>l — •^«* 

sin«>«^Ja* 
006a<] — i«*4-A«* 



-tan^ (a-|-^ tan^ (a— 

tan K« ± ft 
ctn i (a ± ft 



[48] 

ft [49] 

160] 

[61] 

[62] 
[69] 

[68] 
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• la=V(c + 6)(c_6)J 
sea .iniA = J£I=-^ .lniB = JiZ^- 



sin A sinB sinC 

I72L MLft_ tani(A+B) 
a—b tan^(A— B) 

S7a (•«* = ** + «• — 2ftcooeA 
(<l*=«*+n«-f-2mnooB« 

174 *a=:&oosC-f-eoosB 

««{n^A— _|_ J (» — &)(* — c) 

§7& •taniA = + l (« — 6)(<-c) 
•K = Jftc8inA 



§7& 



§77. 



« g__ j^ a ' sin B sin C 
~* 8in(B4-C) 



K = V«(a — a)(»-_ft)(2_c) 
S7a E = «r 



§79. 



r = ?= l(»-o)(,-6)(,_c) 



r=«taniAtan|BtaniC 
580. •tan4A=-I- 
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[661 

[67] 

[68] 

[69] 
[70] 

[71] 
[72] 

[78] 

[74] 

[75] 
[76] 
[77] 
[78] 

[79] 
[80] 
[81] 



APPENDIX n. 109 

^^ ^ a sin B sin C 2K ro.^n 

;8L •!>„ = r—r = [82] 

sin A a •• "^ 



^82. 



i8& 



•B = iac8cA [88] 

Given A, a, d 

A<90* 
Two solutions when a < ft, and a > 6 sin A 
One solution when a = 6, or a > 6, or a =; A sin A 
No solution when a < ft sin A 

A = 90%orA>90'* 
Two solutions never 
No solution when a< ft, or asst 

♦ 17. note, p. 80. 



ANSWERS. 



Page 40, Chap. II. 



j?5. SmA= ^, co8B=— l- ^. 

rr. 2 sin ^ cos ^ = ; .-. ^=0^ or 90**. 

Page 41, Chap. II. 

S8. 60^ ^9.60''. 31.— 3.07S. 32. —0.S75. 36.<x>. 

Page 51, Chap. III. 

^. Sin 15' = ^^"^^ cos 15°=^^+^. 
5. 3 sin A — 4 sin* A. 7. 4 cos' A — 3 cos A. 



10, 0°. 11. 30°. i5. — 2m Vl — m^ 

i4. Sin2^ = — i; .-.(? = — 15^ i5. ^ = 30^ 

Page 52, Chap. III. 
j^5. 120°. 26. 45°. ;^<?. a. 

Page 53, Chap. III. 

40. Sini A = — '^i (i^Vl— sin^A). 

4i.-isr2^:ws. ^^.-Jl^. 

4^. +45°and— 45^ 







ANSWERS. 


ii: 




Page 69, Chap. V. 




1. 


B = 47°32', 


= 0.5688, 


6 = 0.6213. 


2. 


A=38'»35', 


a = 0.2804, 


6=0.3515. 


3. 


B = 67° 01', 


6 = 2321, 


c = 2521. 


A. 


3 = 10" 47', 


o= 35.34, 


c = 35.98. 


5. 


A= 3° 42', 


6=479.4, 


c = 480.4. 


6. 


A=6r or, 


a =2321, 


c = 2521. 


7. 


A = 41° 06', 


B=48°54', 


a =48.00. 


8. 


A = 27° 15', 


B = 62°46', 


a = 4.123. 


9. 


A = 83° 44', 


B= 6° 16', 


6 = 109.7. 


10. 


A=ll°24', 


B=78°36', 


6 = 84.30. 


11. 


A= 5°20',6, 


B=84°39'.4, 


c = 1.074. 


12. 


A = 50° 32', 


B=39°28', 


c = 352.4. 


IS. 


36°, 54°, 1.191, 


, 0.9634. 




U- 


61° 03', 28° 57', 


V15 

8 ' 




16. 


Sin B = cos A : 


P ft «P 


a» 


-a'"— Va»— p«' 


^-Va^-1>^ 


18. 


100 ft., 70.7 ft. 


; from each other 36.6 ft. 




Page 70, Chap. V. 




20. 


88.22 yds. 






22. 


150 ft. 








_ 1 2 K 


1 4K 


«/. 


n.T^\/9 K tjin , 


1 _ 1 ^ .Hl 


1 * ^ . . 



2A 

a = 15.86, 6=19.98, c = 25.51. 
(K stands for the area.) 
^6. 236.6. ft. 

Page 92, Chap. VI. 
i. C = 19°41', 6 = 0.1166, c=0.04686. 

2. C = 67° 34', a = 2643, c = 7784. 

3. A= 9° 41', a = 4.497, c = 4.643. 
-#. A = 90°00', a=12.20, 6 = 12.16. 
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5. B = 57M4', 


C = 44°03', 


c = 414.2. 


6. A = 47** 38', 


C = 92°06', 


c = 0.001082; 


or A =132° 22', 


C= 7° 22', 


c= 0.0001389. 


7. B = 4° 50', 


C=165°51', 


c= 28.56. 


8. Q = 27° 29', 


A = 29° 15,' 


a = 1041. 


P. C=30°05', 


A=125°37', 


a =160.2; 


or C = 149° 55', 


A= 5° 47', 


a= 19.85. 


10. A = 44° 16'.5, 


B = 37° 26'.5, 


c= 111.9. 


11. C = 1090 20', 


A=54<>24', 


6=4.957. 


12. A = 43° 42', 


B = 23°14', 


C=113°04'. 


IS. A = 121° 43', 


B = 10° 41', 


C = 47°34'. 


U. A = 50° 25', 


C= 9° 27', 


c= 1.913. 



Page 93, Chap. VI. 
16. 2.605 miles, 2.612 miles. 17. 4164. 

18. 210.5 ft., 250.8 ft. 19. 123.9. 

20. 50.08 ft. when C is next A, and 29.13 ft. when it is 
next B. 



21. c = 



Page 94, Chap. VI. 
2K 



-^ ; the other parts by Case HI. 

B ^ ^ 



a sin 

22. 3.936 miles. 

23. 216. 24' 7.49. 25. 6. 27. 244.8 ft. 



SPHEEIOAL TRIGONOMETRY. 



PREFACE. 



I HAVE endeavored to prepare a text-book of Spheri- 
cal Trigonometry for the use of schools and colleges 
which, while brief and simple, shall yet be thorough, 
and suggestive both of the theoretical and of the prac- 
tical bearings of the subject 

I have given such applications to Geometry and As- 
tronomy, and such problems involving these applica- 
tions, as will interest the student and show him that 
Spherical Trigonometry is not a mere mass of mean- 
ingless formulas, but an easy means of solving many 
practical problems of great importance. 

H. N. W. 
Cambbidge, Mass., September 15, 1878. 
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INTRODUCTION. 

§ 1. Spherical Trigonometry is the application of Groni- 
ometry or Angular Analysis to Spherical Geometry; it 
treats principally of the solution of spherical triangles. 

§ 2. We will first recall a few principles of Geometry 
which will be needed in our discussion. 

a. A line which is perpendicular to a plane is perpen- 
dicular to every line through its foot in the plane. 

h, A plane which is perpendicular to a line is perpen- 
dicular to every plane which contains the line. 

c. If two planes are each perpendicular to a third plane, 
their line of intersection is also perpendicular to the third 
plane. 

d. The measure of the angle between two planes is the 
angle between two straight lines drawn one in each plane, 
and perpendicular to the intersection of the planes at the 
same point. 

e. The, angle between two arcs of great circles oti the 
same sphere is measured by the angle between their planes, 
or by the angle between the tangents to the arcs at their 
point of intersection, or by the arc of a great circle de- 
scribed from the vertex of the given angle as a pole and 
intercepted between its sides. 

/. The sides and angles of any spherical triangle are 
respectively the supplements of the angles and sides of its 
polar triangle. 
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g. When in any spherical triangle two angles are equal, 
the sides opposite these angles are also equal. The con- 
verse of this is also true. 

h. The arc of a great circle drawn through the vertex 
of an isosceles triangle and perpendicular to the hase bi- 
sects both the base and the angle at the vertex. 

In every spherical triangle : 

t. The greater side is opposite the greater angle, and 
conversely. 

/ Each side is less than the sum of the other two. 

A:. The sum of the sides is less than 360°. 

/. The sum of the angles is greater than 180**. 
m. Each angle is greater than the difference between 
180° and the sum of the other two angles. 

n. A side which differs more from 90° than another 
side is in the same quadrant as its opposite angle. 

o. An angle which differs more from 90° than another 
angle is in the same quadrant as its opposite side. 

§ 3. The solution of aU spherical triangles may be made 
to depend upon the solution of those each of whose sides 
and angles is less than 180° ; we shall therefore discuss 
only the latter class of triangles. 

§ 4. It has been shown in spherical geometry that in 
general it is possible to construct a spherical triangle when 
any three of its parts are given (not excluding the case 
where the given parts are the three angles). We shall 
show in what follows, that in general it is also possible 
to solve a spherical triangle from the above data. In the 
selection of formulas we shall be governed by the princi- 
ples laid down in Sections 63 and 64 of the Plane Trigo- 
nometry. 
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§ 5, Two methods of discussing our subject are open 
to us : we can either first deduce formulas which are true 
for all spherical triangles, and then by substituting in these 
90° for one of the angles obtain formulas true for spher- 
ical right triangles only ; or we can first deduce formulas 
applicable to right triangles only, and then by the aid of 
these obtain the general formulas. The latter method is 
the simpler, and will be adopted in this work. 
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§ 6. In Spherical as in Plane Trigonometry a triangle 
is solved by the aid of formulas expressing relations be- 
tween its sides and angles, and such formulas we shall 
proceed to establish, limiting our investigation at present 
to the case of right triangles. 

It is shown in spherical geometry that the sides and 
angles of any spherical triangle are measured by the face 
and diedral angles respectively of the spherical pyramid of 
which the triangle in question is the base, and the relations 
between the parts of a spherical triangle can be most easily 
studied by the aid of the corresponding pyramid. 

Suppose the spherical triangle ABC (Fig. 1) to be right 
angled at c; through a, b, 
and c draw the spherical 
radii AO, bo, and co ; a, b, 
and c are then the measures 
of the angles boc, coa, and 
AOB respectively ; through 
L, any point of bo, pass a 
plane perpendicular to bo, 
and therefore to the planes 
boc and boa (v. § 2 ft) ; 
this plane lmn cuts the 
planes boc and boa in lines 
LN and LM, which are perpendicular to LO (v. § 2 a), and 
cuts the plane coa in nm ; now the planes mnl and coA 
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being each perpendicular to the plane hoc, their line of 
intersection xm is also perpendicular to this plane boc 
(v, § 2 c), and therefore to the lines nl and no (v. § 2 a). 
The angle mln is the measure of the angle between the 
planes boo and boa (v. %2 d), and therefore of the angle 
B (v. § 2 e). We have formed then the four triangles of 
reference : 

LNM right angled at n for B [=mln], 

OLN " " " L " a [=boc], 

OLM " '' " L « C [=B0A], 

OXM " " " N " h [=coa]. 

We see that these triangles have certain sides in com- 
mon^ a property of which we shall now take advantage. 

OL ON cos a , _^ _ 

cos c = = = cos a cos 6 ; rl | 

OM ON ' L J 

cos b 

. ^ NM OM sin b sin b -^_ 

8mB = = -. — = -; ; [2] 

LM OM Sin c sin c -^ 

^ LN OL tan a tan a ^«_ 

cosB = = 7 =- ; [3] 

LM OL tan c tan c ^ -^ 

^ NM ON tan 6 tan ft -^_ 

tanB = = -. = — [41 

LN ON sin a sin a "■ -^ 

It is easy to see that the corresponding formulas for A 
are those which we obtain by substituting in [2], [3], and 
[4]^ A and a in place of B and by respectively. 

CosoLLABT I. We learn from [1] that when cos a 
and cos b have the same sign cos e is jposUivey and that 
when they have opposite signs cos « is negative ; e then is 
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acute when a and h are in the same quadrant y and obtuse 
when they are in different quadrants. 

Corollary IL Since each part is less than 180'' (§ 3) 
sin a is always positive ; we see from [4] then that tan B 
and tan h always have the same sign, i. e. an Mique angle 
and its opposite side are in the same quadrant. 

§ 7. We can deduce no more formulas from onr figure ; 
we can however obtain two new relations by combining 
certain of the formulas already found. From [3] and [2] 
we have : 

cos B tana sine cose ,, ^^-v . 

-^— r = T X-^ = = (from [1]) cos ^; 

sm A tan c sin a cos a ^ -■ 

cos B cos A PKT 

.*. cos o = -; — 7- or cos a = — — =r- • I oj 

sin A sm B 

From [1] and [5] we have 

cos A cos B 

cos c = cos a cos o = -: — =r X — — T 5 
sm B sm A 

. • . cos c = ctn A ctn B. [6] 

Napier's Eules. 

The formulas thus far obtained are comprised in 

two rules, called, from the name of 

their inventor, Napier^ s Eules fYfhichj 

though artificial, are very generally 

/ l^^y^ employed as aids to the memory. In 

V I these rules the complements of the 

^^ / hypothenuse (c) and of the obhque 

^>^o_o^ angles (A) and (B) are to be used, 

and the right angle is to be neglected ; there are then ^ve 

parts which follow one another in the order indicated in the 
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margin. To each part there are two adjacent and two 
opposite parts. 

The rules are as follows : 

(1.) The sine of any part is equal to the prodtict of the 
{t)angents of the {a)djacent parts. 

(2.) The sine of any part is equal to the product of the 
{c)osines oftlie (o)pposite parts. 

In the above rules the letters (t), (a), (c), and (o), were 
put in parenthesis in order to assist the memory; thus, {t) 
and (a) stand for the (t){a)ngents of the adjacent parts, 
and (c) and (o) for the (c){o)sine$ of the opposite parts. 

The proof of the correctness of these rules lies in the 
fact that the formulas obtained by them are the same as 
those obtained in the previous sections. 

§ 9. We will now show that the six formulas which we 
have deduced enable us to solve all the cases of spherical 
right triangles which can arise ; i. e. all cases in which two 
parts in addition to the right angle are given ; let us first 
see how many such cases there are. Leaving out the right 
angle, the number of combinations that can be made out of 

the five remaining parts, taking two at a time, is =10; 

Li 

they are the following : (1) as'h^ (2) a c, (3) a A, (4) a B, 
(5) I c, (6) h B, (7) h A, (8) c A, (9) c B, (10) A B. These 
ten combinations, however, represent only six distinct cases ; 
for (2) and (5) form only one distinct case, since in each 
the hypothenuse and an adjacent leg are given, and simi- 
larly from (3) and (6), (4) and (7), (8) and (9), we get 
only three distinct cases. ^ We have then in all only six 
distinct cases, and they are the following : 

Case I. Given the two legs, a and h. 
Case II. Given the hypothenuse and an adjacent leg, 
c and a, or c and h. 
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Case III. Given a leg and an adjacent angle, a and B, 
or h and A. 

Case IV. Given a leg and the opposite angle, a and A, 
or h and B. 

Case V. Given the hypothenuse and an adjacent angle, 
c and A, or c and B. 

Case VI. Given the two oblique angles, A and B- 

§ 10. Collecting our formulas into the following table, 
we see at a glance that when in addition to the right angle 
two parts are known, a function of each remaining part 
can be directly obtained ; i. e. that each of the cases of § 9 
can be solved. 



Given, 


Sought 


Case I. 
a and h. 


cos c = cos a cos b, tan A = -: — - , tan B = 

sm b 


tan b 
sm a 


Case II 


cos c . . sin a ^ 


tana 


a and c. 


cos a sm c 


tan c 


Case III. 
a and B. 


cos A = cos a sin B, tan b = sina tan B, 

tana 

tan c = =: • 

cosB 




Case IV. 


. -_^ cosA . , tan a . 

smB= , sm6 = - r-,smc = 

cos a tan A 


sin a 


a and A. 


sin A 


Case V. 


ctn B= cos c tan A, tan b = tan c cos A, 




candA. 


sin a = sin c sin A. 

cos A , cos B 




Case VI. 
A and B. 


^^" ^ sin B ' sin A ' 
cos c = ctn A ctn B. 
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The computed values of the required parts should satisfy 
the following formulas, which may be used to test the ac- 
curacy of the solution. 

Case I. cos c = ctn A ctn B. 

cos B 
Case 11. cos a = — : — r • 
sm A 

Case III. tan b = tan c cos A. 
Case IV. sin b = smc sin B. 

CaseV. tanB = ^. 
sm a 

Case VI. cos c = cos a cos b. 

Pormulas used in this way are ordinarily called check 
formulas. 

DISCUSSION OF THE DIFFERENT CASES. 

§ U. Case I. * Given a and b. Each part being less 
than 180°, each required part is completely determined by 
the formulas given in the table. 

When a==90° then c = A = 90^ and B = &. 
When a = *== 90° then c = A = B = 90°. 

Example I. Givm a = 22° 15', b = 51° 53'. 

log cos a = 9.9664 log tan a = 9.6118 log tan b = 0.1054 

log cos b = 9.7905 log sin b = 9.8958 log sin a = 9.5783 

log cos c = 9.7569 log tan A = 9.7160 log tan B = 0.5271 

c = 55^*09' A = 27° 28' B = 73°27' 

Check, log ctn A = 0.2840 

log ctn B = 9.4729 

9.7569 

log cos c = 9.7569 
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When cos c is nearly equal to unity c is small, and can- 
not therefore be determined with accuracy from its cosine 
(v. § ^2j Plane Trig.). In this case B can be found first, 
and then c can be found with accuracy by the last formula 
of the table under Case III. 

Example II. Given a = 178° 12', & = 2° 25'. 
Compute c = 11 &" 69', A = 143° 18', B = 53° 20'. 

§ 12. Case II. Given a and c, h and B are completely 
determined by the formulas in the table ; but A is to be 
found from its sine, and corresponding to the same sine 
there are two supplementary angles; only one of these, 
however, will satisfy our triangle, namely, that one which 
lies in the same quadrant as a {v, § 6, Cor. II.). 

When a = c = 90° then A= 90°, b and B are indeter- 
minate, i. e. there is an infinite number of triangles, each 
of which will satisfy the data. 

When c = 90° and a is not 90°, then J = B = 90° and 
A = a. 

The triangle is impossible when c differs more from 90° 
than a. 

When a = c and is not 90° the triangle becomes a single 
line equal to a or c. 

Example I. Given a = 132° 14', c = 97° 13'. 
Compute h = 79° 14'.6, A = 131° 44', B = 81° 59'. 

The following example will illustrate the uncertainty 
which may arise when an angle near 0° or 180° is found 
from its Cosine, and when an angle near 90° or 270*" is 
found from its sine. 
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Example II. Givm c = 37° 42', a = 37° 40'. 

log cos c = 9.8983 log sin a = 9.7861 log tan a = 9.8876 
log cos a= 9.8985 log sin c = 9.7864 log tan c = 9.8881 

log cos * = 9.9998 log sin A = 9.9997 log cos B = 9.9995 

Check, log cos B = 9.9996 We see from our four-place 

log sin A = 9.9997 table that every angle be- 

9.9993 tween 1° 30'.3 and 1° 66'.6 

log cos b = 9.9998 ^^ » ^^g cos = 9.9998* 

.'. b may have any value between 1° 30'.3 and 1° 56'. 6, 
and likewise B " " " 2*> 36'.5 " 2° 53', 

and A " " " 87° 42' " 88° 03'. 

We will now deduce three formulas which may be used 
to advantage when, as in the last example, accurate results 
cannot be obtained by the general method. 

cos b = or cos ft : 1 = cos c : cos a ; therefore, by the 

cos a 

theory of proportions, 

1 — cos b __ cos a — cos c 
1 + cos b cos a -H cos c ' 

. •. by [32] and [49], Plane Trig., 

tan* I = tan ^ (a -h c) tan ^ (c- a). [7] a 

. sin a . 4 ^ . 

sm A = -: or sm A : 1 = sm a : sm c ; 

sm c 

1 — sin A sin c — sin a 



* * 1 -H sin A sin c -H sin a ' 

1 — cos (90 — A) _ sin c — sin a 
* 1 + cos (90 — A) "~ sin c + sin a 

* The differences between the logarithms of the cosines of angles 
between V 30'. 3 and 1° 56'. 6 are so small that they do not appear in a 
four-place table. 
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. • . by [32] and [48], Plane Trig., 

tan» (46**- i A) = tan i (c-a) ctn J (c + a). [7] b 

_. tan a -n ^ 

C08 B = or cos B : 1 = tan a : tan c ; 

tan € 

1 — cos B __ tan c — tan a __ sin c cos a — cos c sin a 
' * 1 + cos B tan c + tan a ~ sin c cos a H- cos e sin a ' 

. • . by [32] and [18], Plane Trig., 

tan' J B = sin (c — a) -r- sin (c + a). [7] c 

We will now work Example II. by the new formulas 
just obtained. 

c = 37°42' a = 37°4(y 

c + a = 76°22' «-«= 0° 02' 

i(c + a)=37°41' ^ J(c-a)= 0° 01' 

log tan i (c + a) = 9.8879 log ctn ^(c + a) = 0.1121 

log tan |(c — a) = 6.4637 log tan |(c - g) = 6.4637 

2) 6.3516 2) 6.5758 
log tan J 5 = 8.1758 log tan (46- i A) = 8.2879 

^«> = 0°51'.5 46°-iA= r06'.7 

& = 1° 43' 90° - A = 2° 13'.4 

log sin (c - a) = 6.7648 A = 87° 46'.6 

log sin (c + a) = 9.9857 CA^ecA;. 

2; 6.7791 log cos B = 9.9995 

log tan i B = 8.3896 log sin A =9.9997 

I B = 1° 24'.3 9.9998 

B = 2° 48'.6 log cos b = 9.9998 
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§ 13. Case III. Given a and B. Each part is com- 
pletely determined by the formulas in the table- 
When a = B = 90** then A = J = c = 90°. 

Example. Given a = 88° 05', B = 38° 20^. 
Compute c = 88° SO', A = 88° 49^, b = 38^ 19'. . 
What other method for finding A may be used to ad- 
vantage when cos A is nearly equal to 1 ? 

§ 14. Case IV. Given a and A. Each required part 
is to be obtained from its sine, to which may belong both 
an acute and an obtuse value ; from this it would appear 
that there are eight different triangles corresponding to 
the given values of a and A ; b and B must however lie in 
the same quadrant (§ 6, Cor. II.) ; and from § 6, Cor. I., we 
see that, a being given, c can have only one value when b 
is acute, and only one value also when b is obtuse ; there 
are therefore only two possible sets of values for the re- 
quired parts bf B, and c: i. e. (1) b acute, B acute, c in 
same quadrant as a; {2) b obtuse, B obtuse, c in different 
quadrant from a. 

When sin a = sin A and < 1 then B = J = c = 90°. 

When a= A= 90° then c= 90°, b and B are indeterminate. 

The triangle is impossible when (1) a and A are in dif- 
ferent quadrants (v. § 6, Cor. II.), and (2) when sin a > 

sin A : for here sin c = -; — r ^ Ij which is impossible, 
sin A 

Example I. Given a = 147° 49', A = 137° 36'. 

log cos A = 9.8683 n log tan a = 9.7989n log sin a = 9.7264 

log cos a = 9.9275 n log tan A= 9.9605 n log sin A = 9.8288 

log sin B = 9.9408 log sin b = 9.8384 log sin c = 9.8976 

Bi = 60° 45' ^1 = 43° 34' c^ = 52° 11' 

B2 = 119° 15' ^2 = 136° 25' Ca=127^491 
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Check. The parts hi, Bi, and c^ belong 

log sin c = 9.8976 to one of the possible triangles, 

log sin B = 9.9408 and the parts h^j B,, and ^ to 

"08384 the other, 
log sin b = 9.8384. 

When the formulas in the table (§ 10) give inaccurate 
results the following may be used : 

tan«(45°-.iB) = tan J (A-a)tani(AH-«)- («) ) 
tan»(46°-Jft) = sm (A - a) 4- sin (A + a). (^) /[8] 

tan" (46*'-. J c) =tan J (A-a) ctn J (A + a). (c) ) 

These may be deduced from the general formulas of 
Case IV. by the following formulas of Plane Trigonometry : 

(a) from sin B = -^^ by [49] and [32] ; 

(h) fromsmft=^by[22]; 

(c) from sin c = ^|^ by [48] and [32]. 

Example II. Given a = 34° 06', A = 34° 08'. 

Compute Bi = SS'' 24:' Z»i = 87°08' Ci = 87°38' 
B, = 91°36', ft2 = 92°62', C8 = 92°22'. 

§ 15. Case V. Given c and A. 

Each required part is completely determined by the for- 
mulas in the table except a, which must, by § 6, Cor. II , 
lie in the same quadrant as A. 

When c = A = 90° then a = 90°, b and B are indeter- 
minate. 

When c = 90° and A is not 90° then * = B = 90°, and 
flt = A. 
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When A = 90° and c is not 90° then a = c, and the tri- 
angle becomes a single line equal to a or c. 

Example I. Given c = 112° 48', A = b^"" 12'. 
Compute a = 49° 5&, h = 127° 05', B = 120° 04'. 

What other method for finding a may be used to advan- 
tage when sin a is nearly equal to unity ? 

Example 11. Given. c = 87° 12', A = 88° 12'. 
Compute B = 32° 45', b = 32° 42', a = 86° 40'. 

§16. CaseVI. Given a and B. 

Each required part is completely determined by the for- 
mulas in the table (§ 10). 

When A = B and is not 90° then a = ft. 
When A = B = 90° then a = ft = c = 90. 
When A = 90° and B is not 90° then a = c = 90° and 
ft = B. 

Example I. Given A = 63° 15', B = 135° 34'. 
Compute a = 50° 00', ft = 143° 06', c = 120° 56'. 

For cases of inaccuracy the following formulas may be 
used : 

^ 2. tani(90° + B-A) . . 

^^"^" = tan|(B + A-90°) ' ("> 

. , . tan J (90° -f- A -B) ^. J p^. 

^^"^^- tan|(B + A-90°r ^'^ ^ ^'^ 

etn^Jc = -^-^|^.' (c) 

^ cos (B + A) ^ ^ 



10 
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These may be deduced from the general formulas of Case 
VI. by the following formulas of Plane Trigonometry : 

(a) from cos a = —. — =t by [48] and [33], 

(b) from cos b = ^?^ by [48] and [33], 



sin A 



ctn A\ 



(c) from cos c = ctn A ctn B = ^ by [23] and [33]. 

Example II. Given A = 92° 08', B = 50° 02'. 
Compute a = 92° 48', b = 50° 00', c = 91° 48'. 

EXAMPLES. 



B 

58° 02' 

32° 43' 

12° 35' 

147° 20^ 

B 

54° 49' 

50° 19' 

91° 15' 

155° 29' 

A 

92°^ 09' 

95° 15' 

54° 35' 

5° 46' 

Bx 
60° 54' 
54° 36' 
15° 42' 
49° 38' 





Given | 




Compute 




a 


b 


c 


A 


L 


36° 27' 


43° 35' 


64° 21' 


46° 69' 


2. 


86° 40' 


32° 40' 


87° 12' 


88° 12' 


3. 


2° 01' 


0°27' 


2° 04' 


77° 26' 


4. 


120° 10' 


151° 00' 


63° 56' 


106° 44' 




a 


e 


b 


A 


6. 


14° 17' 


23° 50' 


19° 17' 


37° 38' 


6. 


32° 09' 


44° 33' 


32° 42' 


49° 19' 


7. 


12° 16' 


95° 44' 


96° 52' 


12° 19' 


& 


8°. 12' 


171° 00' 


176° 17' 


65° 45' 




a 


B 


c 


b 


9. 


92° 48' 


50° 02' 


91° 48' 


60° 00' 


la 


96° 50' 


50° 12' 


94° 23' 


60° 00' 


IL 


20° 20' 


38° 10' 


25° 14' 


15° 16' 


12. 


3° 66' 


85° 47' 


43° 04' 


42° 66' 




a 


A 


Cl 


h 


la 


33° 40' 


43° 21' 


53° 62' 


44° 63' 


14 


133° 19' 


124° 00' 


118° 39' 


45° 40' 


16. 


111° 44' 


95° 45' 


111° 00' 


14° 38' 


la 


87° 12' 


87° 52' 


88° 11' 


49° 34' 
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Oi 


ven, 




CmnpiUe 






e 


A 


a 


b 


B 


17. 


69° 25' 


54° 56' 


49° 59' 


66° 51' 


63" 25' 


1& 


118° 40' 


128° 00* 


136° 15' 


48° 24' 


58° 27' 


19. 


58° 30' 


22° 01' 


18° 39' 


66° 33' 


78° 04' 


2a 


89° 30'.6 


89° 16' 


89° 07' 


56° 17' 


66° 17' 




A 


B 


c 


a 


b 


ZL 


63° 15' 


136° 34' 


120° 56' 


50° 00' 


143° 06' 


22. 


116° 43' 


116° 31' 


75° 27' 


120° 10' 


119° 59' 


23. 


47° OC 


57° 59' 


54° 19' 


36° 27' 


43° 33' 


24. 


10° 46' 


79° 34' 


14° 27' 


2° 40' 


14° 14' 



The following triangles, although not right triangles, can 
be solved by principles already explained : 



25. 
26. 


e 
90° 
90° 


Given 
a 
60° 04' 
174° 13' 


b 
40° 10' 
94° 08' 


A 

39° 19' 
176° 67' 


Compute 

B 

28° 10' 
136° 40' 


C 
133° 01' 
135° 35' 


27. 


a 
90° 


A 

28° 06' 


C 
16° 08' 


b 
122° 48' 


c 
36° 09' 


B 

156° 41' 


28. 


c 
90° 


A 
110° 48' 


B 

135° 36' 


C 
104° 42' 


a 
104° 53' 


b 
133° 40' 


29. 


a 
28° 00' 


b 
28° 00' 


B 

79° 00' 


c 
11° 35' 


A 

79° 00' 


C 
24° 50' 


30. 


A 
120° 00' 


B 
120° 00' 


C 
80° 00' 


a 
133° 28' 


b 
133° 28' 


c 
55° 34' 



31. A spherical square is a spherical quadrilateral which 
has equal sides and equal angles. The diagonals divide it 
into four equal spherical right triangles. Given a side {») 
of the spherical square : find an angle (A). 

Ana, ctn J A = V^ cos «. 
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32. A line makes with a plane an angle <^ ; through the 
foot of the line and in the plane draw a second line mak- 
ing with the projection of the first on the plane the angle 
» ; find the angle x made by the second line with the first. 

Atis. cos o; = cos <^ cos «. 

33. Given the number of sides of a regular spherical poly- 
gon equal to n and each angle equal to A ; find a side (a) of 
the polygon and the polar radii of the circumscribed and in- 
scribed circles. » 

cos - 

Ans, cos J a = -r- 



sin ^A' 



cos i A -^ i. , A i. «■ 

cos r = = — , cos K = ctn J A ctn - . 



34. Find the angles between the adjacent faces of each 
of the five regular polyhedrons. 

Ans. Tetrahedron 70° 32', Hexahedron 90°, Octahedron 
109° 28', Dodecahedron 116° 35', Icosahedron 138° 15'. 

35. The base of a regular pyramid is a decagon ; each 
angle at the vertex of the pyramid is 18° ; find the angle 
{{) which each lateral face makes with the base and the 
angle (<^) made by the lateral faces with one another. 

Ans. i = 60° 54', = 148° 40'. 

In Appendix I. vnll he found a few remarks about As- 
tronomy, with which the student should become perfectly 
familiar before attempting to work the following examples. 

36. From the longitude of the sun (I) and the obliquity 
of the ecliptic (e) find the sun's right ascension (a) and 
declination (8). Ans. tan « = tan I cos e, sin 8 = sin Z sin e. 

37. (a) From the latitude (</>) of a place on the earth's 
surface and the declination (8) of the sun on a given day. 
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find the times and places of the rising and setting of the 
sun and its distance from the zenith at noon. 

(b) When are days and nights equal ? 

(Neglect the effect of refraction.) 

Ans, (a) cos m = tan <^ tan 8, cos d= sin 8 : cos <^, where co 
denotes the angle, which reduced to hours and minutes is the 
time before and after midnight of setting and rising ; d is 
the distance from the north point of the horizon, <f> — 8 is 
the distance from the zenith at noon. 

(b) Days and nights are equal when the sun rises at 
6 A. M. and sets at 6 p. m., i. e. when w = 90° = 6 h. ; this 
occurs (1) at all places on the earth when 8 = (March 21 
and September 21) and (2) at all times of the year for 
places on the equator (<^ = 0). 

38. When does the solution of Example 37 become im- 
possible ? when indeterminate ? and what follows for places 
so situated on the earth's surface as to give these results ? 

Ans, Impossible when 90° — <^ < 8, i. e. when the polar 
distance of the place is less than the declination of the sun ; 
in such cases the sun neither rises nor sets, but is either 
entirely above or entirely below the horizon during the 
entire day. 

Indeterminate when 90° — «/> = 8 = 0, i. e. at the poles 
when 8 = 0; here the sun is just in the horizon during the 
entire day. 

39. When and where does the sun set in Cambridge 
(lat. 42° 23') on the longest day (June 21, 8 = + 23° 27') ? 
when and where on the shortest day (December 21, 
8 = -23°270? 

Ans. «= 66° 41' = 4 h. 27 m. 



(^ = 57°24' 



« = 113^ 



' y (longest). 

^^^Joill"'! (shortest). 
d = 122°36' P ^ 
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40. Solve Ex. 39, substituting New Haven (lat. = 41° 17/) 
for Cambridge. 

A„s. «= 67° 37' = 4 h. 30.6 m.).. 
d = 68°01'.5 P » '' 
» = 112° 23' = 7 h. 29.5 m. > . ,,.,.>. 
d = 12r58'.5 } (^l^^'t^^*)- 

4L (a) Find the altitude (h) and azimuth (a) of th« 
sun at a given place in the northern hemisphere (lat. <^' 
and on a given day (dec. 8) at 6 A. m. 

(b) How does the altitude change with a change of place . 
What is its value for a place on the equator ? what for a 
place at the pole ? What is the greatest possible altitude ? 

(c) Why is the sun never above the horizon before 6 a. m. 
in winter? 

(d) How does the azimuth at the same place change 
during the year ? how on the same day (i. e. declination 
of the sun constant) when the position of the place changes ? 
What is the azimuth of a place on the equator ? what of a 
place at the pole ? 

Answers, (a) sin h = 8m <f> sin b, ctn d = ctn (ISC + d) 
= cos <f> tan d. (180° -f rf) = a, where d = distance from 
the north point of the horizon.) 

(b) In summer the altitude increases as the distance of 
the place from the equator increases ; at the equator it 
is 0° ; at the pole it is equal to the declination of the sun, 
which is the greatest possible altitude that the sun can 
have at this time of the day ; for other places on the north- 
ern hemisphere the altitude is a maximum on the longest 
day (June 21, when 8 = 23° 27'). 

(c) In winter 8, and therefore h, is negative. 

(d) The azimuth increases with a decrease in 8 and an 
increase in <^ ; at the equator it is 270° — 8, and at the 
pole it is 270°. 
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42. Pind the altitude and azimuth of the sun in Cam- 
hridge (<^ = 42°230 on June 21 (8 = 23° 27') at 6 a m. 

An^. h = 15° 34'. a = 252° W. 

43. (a) At what times of the day at a given place in the 
northern hemisphere (i. e. (f> given) and on a given day (i. e. 
8 given) is the sun exactly in the east or west ? (b) What 
are the results when 8 = 0, i. e. when days and nights 
are equal ? (c) Why in summer can the sun never he 
in the east before 6 a.m. and never in the west after 
6 p. M. ? 

(d) What results are obtained when the latitude <^'is 
less than the declination 8 ? what when it is equal to 8 ? 
What results are obtained for tlie north pole ? 

Ans. (a) cos a = tan 8 ctn 0, where » reduced to hours 
is the time before or after noon. 

(b) When 8 = 0° then «> = 90° = 6h. 

(c) The place being north of the equator <fi is positive ; 
in summer 8 is positive ; therefore cos o is positive and a> 
is less than 90° or 6 h. 

{d) When ^ < 8 then cos (o > 1, and the problem is im- 
possible. When <^ = 8 then w = 0° or the sun is in the 
east and west at noon ; this means that the sun is at noon 
in the zenith, and therefore in that vertical circle which 
passes through the east and west points of the horizon. At 
the pole cos (o = 0, or w = 90° = 6 h. 

44. At a place on the earth's surface whose latitude is <^, 
a rod OA, pointed toward the north pole, makes with a 
horizontal plane an angle boa=:<^; let oc be the position 
of the shadow of the rod at a given time of the day ; find 
the angle boc. 

Given <^ = 42° 23' (Cambridge) ^ = 2 h. = 30°. 

Ans. tan boc = sin ^ tan t; ,\ boc = 21° 16'. 
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This example tells us how to construct a horizontal sun- 
dial. The rod is made to make with the horizontal plane an 
angle <^, hecause it is in this position parallel to the earth's 
polar diameter, ahout which as an axis the sun appears to 
move. 

46. Through o (Ex. 44) pass a plane perpendicular to 
OB ; extend the rod OA through this vertical plane so that 
its shadow may fall upon it ; find the angle S which the 
shadow makes with the projection of the rod on the plane 
at a given time t (vertical sundial). 

Given <^ = 42° 23' (Cambridge) ^ = 3 h. = 45^ 

Ans. tanS = cos0 tan^; .-. S = 36°27'. 

46. Find the length, in geographical miles, of the great 
circle arc joining Halifax — long. 63" 35' W., lat. 44° 4(y 
N. — with Cape Ferret (near Bordeaux, France) — long. 
r 14' W., lat. same as that of Halifax. Ans. 2592 miles. 

Compare Ex. 31, p. 71, Plane Trig. 



CHAPTER 11. 



FIG. 3. 



THE SPHERICAL TRIANGLE IN GENERAL. 

§ 17. Theorem. In every spherical triangle the sines 
of the sides are proportional to the sines of the opposite 
angles. 

Through c (Eig. 3) draw 
the great circle arc^ perpen- 
dicular to c ; applying [2] 
to the two right triangles 
thus formed, we have sin^ 
= sin A sin h = sin B sin a\ ^ 



sin 



A sin B 
sin a 

sin A 



sin b 
sinB 




, and similarly 



sin b 



sm c 



sinC 



Q. E. D. 



[10] 



sin a sin b sii 
Why is the result the same when p cuts ab produced ? 

§ 18. Problem, To find the cosine of a side of any 
spherical triangle in terms of functions of tlie opposite 
angle and the other two sides. 

From [1] we have in Fig. 3 

cos a = cos p cos db ; 

but DB = AB — AD, . • . COS DB = COS C COS AD + siu C siu AD ; 

and from [11 again cos p = : 

'- -" ^ ^ cos AD ' 
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COS h cos c cos AD sin c cos h sin ad 

. • . cos a = 1 . 

cos AD COS AD 

and from [3] tan ad = cos A tan h ; 

. • . cos a = cos b cos c -h sin ft sin c cos A, 
and similarly 

cos ft = cos c cos a -h sin c sin a cos B, 
cos c = cos a cos ft + sin a sin ft cos C. 



[11] 



Note. What has been said about the measurement of straight lines 
in { 2, Plane Trig., will apply equally well to the measurement of 
arcs ; bearing this in mind, and also the fact that the sines of an arc 
and its supplement are the same, and that the cosines of an arc and its 
negative are the same, §§17 and 18 will be seen to apply equally well 
to the cases where d does not fall between a and b. 

§ 19. Let a'b'c' be the polar triangle of abc, then by 
§ 2/, 

A' = 180°-a, a' = 180°-A, 

B' = 180°-ft, ft'=180°-B, 

C' = 180°~c, c' = 180''-C. 

Applying [11] to the triangle a'b'c' we get 

cos a' = cos h' cos cf -\- sin h' sin d cos A', 
or substituting from above 

— cos A = (— cos B) (— cos C) + sin B sin C (— cos a) ; 

or — cos A = cos B cos C — sin B sin C cos a, 
and similarly 

— cos B = cos C cos A — sin C sin A cos ft, 
and— cos C = cos A cos B — sin A sin B cos c. 



I [12] 
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o ««A -m r-i -IT A COS a — COS 5 COS C 

§ 20. From [11] cos A = ^—7—^ J 

*" -" sin fc> sm c 

. • . from Plane Trig. [31] and the above 



1 A ./1-f cosA . /sii 



/sin 6 sin c -+- cos a — cos h cos c 

cos * A = V —^ = V o ' 1 ' 

2 sm h sm c 



. /cos a — cos (b + c) ^ ^ . r^^T^ 
▼ 2 sm ^ sm c ^ o u j/ 

^ / sin \{a + b + c)^in)^{b^c- a) ^^^^^ 

V sin b sin c 

Trig. [47]). 

Now put a + J4-c = 2s and . • . 

— a '\- b -\- c -=2 (s — a) and we get 

, . . /sin s sin (s — a) 

cos J A = V r-T-A , 

^ T sm b sm c 

and similarly 



, ^ . /sin s sin (s — b) 
cos J B = y ^ 



, „ . /sin 5 sin (s — c) 

cos i C = V : : , . 

^ ▼ sin a sm o 

In a similar manner may be obtained 

. , . . /sin i (a — b-\-c) sin A (a + 6 — c) 

sm * A = V ^-^ -. — r-^ — ^-^ 

^ ▼ sm b sm c 



K13] 



. /sin (5 — b) sin (s — c) _ . . _ 

▼ sm 6 sm c 



and from [14] and [13] 



, . . /sin (s — i) sin (s — c) ^^ ^^ 

tanJA = V ^^ . . ^ . ^ [15] 

^ ▼ sm s sm (s — a) 
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By advancing the letters we get similar formulas for B 
and C. We have agpreed to restrict ourselves to triangles 
in which each part is less than 180°, therefore J A, ^ B, 
and ^ C are each less than 90° and their functions are posi- 
tive ; we must then give the -+- sign to the radicals in [13], 
[14], and [15]. 

Problem. Prove that the values of the sine, cosine, and 
tangent of the half angle contained in [13], [14], and [15] 
are real, i. e. that the quantity under the radical is in each 
case positive. 

§ 2L Prom [12] we get 

cos A -f cos B cos C 

cos a = . -D . ^ . 

sin B sm C 

Now proceeding as in § 20 and putting A-fB-fC = 2S 
we get 



\a = y^\ 



cos(S-B)cos(S^C) 
sin B sin C ^ 



[16] 



. , . /— COS S cos (S — A) ..„. 



sin B sin C 



4 1 i/ —cos Sees (S — A) 

tan J a = V 75 — ^^r — ^—7^ — ^ . [18] 

^ V cos (S — B) cos (S — C) ■- -^ 

Let the student write the corresponding formulas for h 
and c. 

Corollary 1. The above formulas give real values for 
sin \ a, cos \ a, and tan \ a. 

Proof. 1st. Sin A, sin B, and sin C are each positive, 
because A, B, and C are each less than 180°. 

2d. 2 S > 180° < 540° (§ 2 ^ and § 3). 
. • . S > 90° < 270°, i. e. cos S is negative and - cos S 
is positive. 
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.3(1. S — A = ^ (B H- C — A) . In the polar triangle whose, 
sides we will denote by a', h'j and </, we have a' <h' + d 

.•.180-A<180-B + 180-C;.-.B4-C-A<180^ 
and J (B + C - A) = S - A < 90°; . • . C09 (S- A) is posi- 
tive, and in like manner cos (S — B) and cos (S — C) are 
each positive. 

Since then each factor of the quantities under the radi- 
cal is positive the quantities themselves are positive and 
their roots are real. 

Corollary 2. The sign of the root is in each case 
positive. 

§ 22. Substituting in the following formula (Plane Trig. 
[19]), cos \ (A ± B) = cos J A cos J B =F sin J A sin | B, 
the values for sin J A, sin \ B, cos \ A, and cos J B ob- 
tained in § 20, we get 



^ ^ '^ sm c ▼ sm a sm o 



sin (g — c) ^ / sin (s — a) sin (s — b) 
sin y sin a sin b 



_ 8ins^^sin(s — c) . /sin (s — a) sin (s — b) 
sin c V sin a sin b 

^_ a-^b c , a + b c 
Now 5= ^- + ^ , and s _ c = -^ ^ ; 

. • . sin s — sin (s—c)= 2 sin J c cos — ^— (v. Plane Trig. [45]) 

and sin « -|- sin (s— c)= 2 cos J c sin —^r- (v. Plane Trig. [44]) 
and sin c = 2 sin J c cos | c (v. Plane Trig. [26] ) 
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1 / A . T>\ 2 sin i c COS i (a -f ^) . , ^ 
.•.cosHA+B)= 2sliclV "'^^^ 

^co8Ha+_&)^. 

cos i c ^ ' ■- -J 

and cos H A - B) = «'°H<» + ^) ^j^ ^ ^ j-go] 

Sin n c 

Now substituting as before in the formula 

sin J (A ± B) = sin J A cos J B ± cos J A sin J B (Plane 
Trig. [18]), 
we get 



sinKA±B)=::::4^V^ 



sin (s — b) . /sin s sin (/? — c) 
sin a sin 6 



sin (s — a) . /sin « sin (i 
sin c V sin a si: 



5-c) 



sin ft 

sin (s — b) ± sin (s — a) . /sin 5 sin (s — c) 

"" sin c V sin a sin ft 

Now5-ft = ^ ,and5-a = ^ = ^ ^; 

. • . sin (5 — ft) + sin (s — a) = 2 sin J c cos ^ (a — ft) (Plane 

Trig. [44]) ; 

and sin (5 — ft) — sin (s — a) = 2 cos | c sin ^ (a — ft) (Plane 

Trig. [45]) ; 

• 1 X A T»\ 2 sin i cos i (a — ft) . /sin s sin (s— c) 

.-. sm^(A-fB)= _ ? , — ^-5^-j — ^ V — ^ -^—r^ 

2 sm J c cos J c ▼ sm a sin ft 

cos J C, [21] 



J c cos J < 
cos J (a — ft) 
cos ^ c 



and sin J ( A - B) = ^'"^ ^ ^^ ^^ cos J C. [22] 

sm * c 

The last four formulas are called the Gauss Formulas. 
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From [21] and [19] we obtain 

1 /A -ox co8i(a — ^) , , ^ 

tan ^ {A+B) = f ) ^ ,( ctn ^ C ; 

^ ^ ' cos J (a 4- ^) 

from [22] and [20] 

1 / A -ox sin 4 (a — ^) , , ^ 
tan I (A-B)= . \) ; ctn | C; 

" ^ ' sin J (a -h 6) 

from [20] and [19] 

, , ,. cos i (A — B) ^ - 
tan \ {a^h)^ ^_\ ) ^ ^^^ tan ^ c; 



cos \ (A + B) 



from [22] and [21] 



. . _. sm i (A— B) 

tan i (a — h) = - — f-77 ^ tan i c. 

- ^ ^ sm I (A + B) 2 



[23] 
[24] 
[25] 
[26] 



FIG. 4. 



The last four formulas are called Napier's Analogies. 

§ 23. To find the polar radius of a circle circumscribed 
about a triangle in terms of the angles. 

The centre is at the intersection of the perpendiculars to 
the sides at their middle points ; joining the centre with 
the vertices we have the right tri- 
angles indicated in Fig. 4, the 
hypothenuses of which are each 
equal to the required radius (E). 
The triangles pab, pbc, and pca 
are isosceles, therefore the two an- 
gles marked u are equal to each 
other, and likewise the two angles 
marked )3, and the two angles 
marked y. 

Nowj8=B-y=B~-(A-«)=B-A+« = B-A-fC-i3; 

.- .p=\ (B-~A+C) = S-A. 
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,,.«-. . ^ tan i a tan 4 a 
Now by [3] tan cp=:tan R = V = To" 



COS /3 COS (S — A) 

1 



_, r^QT 4 / - COS S COS (S - A) ^^ 

-«>y LAOJ Y ^^^ (S-B) COS (S-C) ^ cos (S- A) ' 



• . tan R : 



Corollary. 



— cos S 
cos (S - A) cos (S - B) COS (S - C) 



tan i a = tan R cos (S — A). 



.[27] 



[28] 



FIQ. 5. 



§ 24. To find the polar radius of the circle biscribed w 
a triangle in terms of the sides. 

The centre of the circle is at the intersection (o, Fig. 5) 

of the lines which bisect 
the angles, therefore the 
perpendiculars let fall from 
the centre o upon the sides 
i' ay hj and c are each equal 
to the required radius (r). 
The right triangles on each 
^/ side of OA are symmetrical, 
and also those on each side 
of OB and oc, therefore the 
arcs marked b', b' are equal, 
and also those marked a', a', and c', cf, 

li^owb' = b-a' = b-'(a'-&)=b-(a-(c-b')) 

= ft — a + c — ft' 5 . • . ft' = J (ft — a -h c) = 6- — a. 

Now by [4] tan r = sin ft' tan i^ A = sin (« — a) tan ^ A 




1. r-i CT • / \ A /si^ (* — ^) sin (s — c) 

= by [16] sm (s-a) V ?^ f \ f 

■^ ^ ▼ sms sm {s — a) 
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y sm s ■- -^ 

Corollary. 

taniA = -.-^^5J_. [30] 

^ am (s — a) ^ -^ 

§ 25. Solution of Oblique Triangles* 
The number of cases which can arise is equal to the 
number of combinations which can be formed out of the 

six parts, taking three at a time, or to -^ = 20, and 

they are the following : 
(1) a be, (2) ab A, (3) abB, (4:) a b C, (5) a c A, 
(6) acB, (7) ac C, (8) b c A, (9) b c B, (10) b c C, 

(11) aAB, (12) a A C, (13) a B C, (14) ^^ A B, (15) bAC, 

(16)6BC, (17) cAB, (18)cAC, (19)cBC, (20) ABC 

We see, however, that the combinations (2), (3), (5), (7), 
and (10) form only one distinct case, since in each two 
sides and an angle opposite one of them are given ; simi- 
larly (4), (6), and (8) form only one distinct case ; (11), 
(12), (16), (18), and (19) form only one distinct case ; and 
(13), (15), and (17) form only one distinct case. We have 
then in all only six distinct cases, as follows :^ 

Case 1. Given the three sides. 

Case II. Given the three angles. 

Case III. Given two sides and an angle opposite one 

of them. 
Case IV. Given two angles and a side opposite one of 

them. 
Case V. Given two sides and the included angle. 
Case VI. Given one side and the two adjacent angles. 
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§ 26. Cases I. and 11. can be solved by [15] and [18] 
respectively, or I. by [30] and [29], and II. by [28] and 
[27]. [10] may be used as a check formula. 

Example 1 (Case I.). 

{a= 25° 13' 

7 o-o i Ai We will solve this by [30] 

^= ^' ^^ and [29]. 

_c= 58° 32' ■- ^ 

2^ = 120° 59^ 

8 = 60° 29'.5 colog sin s = 0.0603 

5 - a = 35° 16'.5 log sin (s — a) = 9.7615 

8-1= 23° 15'.5 log sin (5 - ^) = 9.5964 

g - r? = 1° 57'.5 log sin (g - c) = 8.53 36 

2 5 = 120*' 59' log tan^ r = 7.9518 

log tan J A = 9.2144 log tan r = 8.9759 

log tan i B = 9.3795 

log tan J C = 0.4423 

i A= 9° 18' (A= 18° 36' 

JB= 13°28'.5 Ans.}B= 26° 57' 

I C = 70° 08'.5 ( C = 140° 17' 

Check, 

/og sin A = 9.5037 log sin B = 9.6563 log sin C = 9.8055 

log sin a = 9.6294 log sin b = 9.7818 log sin c =9.9310 

9.8743 9.8745 9.8745 

Example 2 (Case II.). 

Given A = 102° 14', B = 54° 32', C = 89° 06'. 
Ans. a = 104° 26', b = 53° 50'; c = 97° 44'. 
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§ 27. Case III. Given a, h, and A. 
. We find B by [10], i. e. by 

. -_^ sin A sin b 

sm B = -. ; 

sm a 

and ^ c, I C by [25] and [23], * 

cos i (A -h B) ^ , , ... 
xe.bytanic^ ^^^|^^^^3J tanHa-l-^), 

and ctn | C = ^^5i-^^ tan J (A + B); 

I c and J C being each less than 90° tan \ c and ctn \ C 
must be positive ; therefore when each of the two supple- 
mentary values of B obtained by [10] makes tan \ c and 
ctn \ c positive there will be two solutions. 

When sin A sin & > sin a there will be no solution, for 
in this case we shall have sin B > 1. 

There are many ways of determining by an inspection of 
the data (a, b, and A) whether there are two solutions or 
but one ; the following, found in Chauvenet's Trigonometry, 
p. 197, seems to be the best : 

Ist. When h differs more from 90° than a, B must be in the 
same quadrant as 6 (§ 2 ?i), and there can be but one solution. It 
remains to show, 

2d. That when a differs more from 90° than 6, there will neces- 
sarily be two solutions. We have, by the first of [11], 

cos a— cos 6 cos c 



sin c = 



sin h cos A 



Two solutions exist so long as both values of c are positive, and 
less than 180°, that is, so long as sin c is positive. Now when a 
differs more from 90° than 6, we have (neglecting the signs for a 
moment), 

cos a > cos 6 > cos h cos c, 
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therefore the numerator of the above value of sin c has the sign 
of cos a. But by § 2 n, a and A are in the same quadrant, and 
cos a and cos A have the same sign ; consequently also, the nu- ' 
merator and denominator have the same sign, and the value of the 
fraction, or of sin c, is positive, as was to be proved. 

Hence, there %8 but one sohition when the side oppodte the given 
angle differs less from 90° than the other given side, and two solu- 
tions when the side opposite the given angle differs more from 90° 
ihan the other given side. 

Note. We have proved above that when the property stated in § 2 n, 
does not determine the quadrant of B then there are always two solutions. 

When B is nearly 90° it cannot be obtained with accu- 
racy from its sine, but we may proceed as follows : 

From b and A in the right triangle acd (Fig. 3) we can 
find p (v. Case V. of right triangles), and then from p and 
a in the right triangle bod we can find B (v. Case IL of 
right triangles). 

[10] may be used as a check formula. 

Example. Given b = 70° 21', a = 51° 41', A = 52° SO'. 

54-a = 122°02' J(^ + a)= 61° 01' 

*-a=: 18°40' ^{b-a)= 9° 20' 

log sin b = 9.9739 B^ + A = 124° 45' 

log sin A = 9.8995 B^ + A = 160° 15' 

colog sing = 0.1054 Bi-A= 19° 45' 

log sin B = 9.9788 B2-A= 55° 15' 

*Bi= 72° 15' J(Bi4-A)= 62° 22'.5 
B2 = 107°45' n^2 + A)=: 80°07'.5 
i(Bi-A)= 9°52'.5 
i(Ba--A)= 27°37'.5 

* a differs more from 90" than h ; there are therefore two solutions. 
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log COS J (^ + a) = 9.6854 log cos ^ (6 -|- a) = 9.6854 
iOg tan J (Bi + A) = 2812 log tan J (Bj + A) = 0.7593 
colog cos J («> — a) =0.0058 colog cos \(h — a) = 0.0058 
log ctn J Ci = 9.9724 log ctn J C, = 0.4505 

iCi = 46M9' JC, = 19°31' 

Ci = 93°38' C, = 39°02' 

log cos ^ (Bi + A) = %m^2 log cos J (B24- A) = 9.2342 
log tan J (ft + a) = 0.2565 log tan \(h-\-a) = 0.2565 
colog cos J (Bi—A)= 00064 colog cos \ (B,- A) = 0.0526 
log tan 1 ci = 9.9291 log tan ^ Ca = 9.5433 

Jci = 40°21' Jc2 = 19°15'.5 

ci = 80°42' cs = 38°31' 

Check. 
log sin B = 9.9788 log sin Ci = 9.9991 log sin C^ = 9.7992 
log sin b =9.9739 log sin c^ = 9.9942 log sin g2 = 9.7943 
0.0049 0.0049 0.0049 

§ 28. Case IV. Given A, B, and a. 
We find h by [10], i. e. by 

sin B sin a 

sin b = ; — 7 — ; when b is near 90 it 

sm A 

may be found in a manner exactly similar to that by which 
B when near 90° was found in Case III. c and C may be 
found as in Case III. 

When each of the two values of b found by either of the 
above formulas makes tan | c and ctn \ C positive then 
there will be two solutions. 

When ; — I — > 1 there is no solution. 

sm A 

The supplements of the parts A, B, and a are respectively 
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the parts a', ft', and A' of the polar triangle ; the polar tri- 
angle then comes under the head of Case III., and the rule 
given in the last section tells us whether it has one or two 
solutions. Our triangle evidently has the same number of 
solutions as its polar. 

Example, Given A= 159° 43', B = 123° 4(y, a = 159° m'. 

_ 124° 08' _ 137° 20' 137° 04' 

Ans.b-- 5go52/' ^~ 65° 39" ^~113°39'' 

§ 29. Case V. Given a, b, and C. 

By the following formulas ([23] and [24]) 

tan I (A+ B) = ?^if^^^ ctn J C, 
^ ^ ^ cos ^ (a -h ft) ^ ' 

*- ^ ^ sm i (a + ft) " ' 

we may find J (A + B) and J (A — B), and therefore A 
and B ; we can now find c either by [25] or [26^, i. e. 

1 . 1 / T\ cos J (A — B) . , 

sin J (A — B) . , 

or tan h (a-'b)-=z — — f-^- — ( tan J c 

' ^ ^ sm i (A -h B) ^ 

[10] may be used as a check formula. 
ExampU. Given a^m"" 20', ft = 20° 17', C = 114° 20'. 

a -f ft = 76° 37' |(a + ft) = 38° 18'.5 

a ~ ft = 36° 23' ^ (a - ft) = 18° 01'.5 

iC=:57°10' 



THE SPHERICAL TRIANGLE IN GENERAL. 



37 



log COS i(a-b) = 9.9781 log sin J (a - Z>) = 9.4906 

log ctn i C = 9.8097 log ctn i C = 9.8097 

colog cos ^ (a + b) = 0.1053 colog sin i{a + b) = 0.2077 

log tan i (A -h B) = 9.8931 log tan J (A - B) = 9.6080 



HA4-B) = 38°01' 

A = 56° 52' 

log tan J (a 4- ft) = 9.8976 

log cos i(A-\-B) = 9.8964 

colog cos i (A - B) = 0.0214 

log tan ic = 9.8154 

ic = 33°10' 

c = 66° 20^ 



HA-B)=17°51' 
B=20°10' 

Check. 
log sin A = 9.9179 
log sin a = 9.9203 

9.9976 
log sin B = 9.5375 
log sin b = 9.5399 

9.9976 
log sin C = 9.9596 
log sin c = 9.9618 

9.9978 

§ 30. Case VI. Given A, B, and c. 

The formulas used in the solution of Case V. can also be 
used here ; [25'] and [26] may be used to find a and b, and 
either [23] or [24] to find C. 



EXAMPLES. 



3. 
4. 





Given 






Compute 


a b 


e 


A 


B 


124°12'.6 64° 18' 


97°12'.5 


127° 22' 


61" 18' 


93° 46' 


27° 16' 


88° 12' 


101° 48' 


26° 42' 


82° 34' 


27° 16' 


89° 12' 


75° 12' 


26° 32' 


82° 11' 


64°19'.6 


31°31'.6 


119° 44' 


52° 16' 



c 

72° 27' 

78° 42' 

102° 51' 

27° 16' 
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A 


Oiveii 
B 


C 


a 


Ootiqmte 
b 


c 


6. 


20° IC 


65° 62' 


114° 20* 


20° 16' 


56° 18' 


66° 18' 


6. 


130° OC 


110° 00' 


80° 00' 


139° 21' 


126° 58' 


56° 62' 


7. 


66° 42' 


45° 44' 


135° 16' 


82° 17' 


59° 12' 


122° 26 


8. 


4° 24' 


8° 28' 


172° 18' 


31° 14' 


84° 12' 


116° 08 




a 


b 


A 


e 


B 


C 


9. 


69° ec 


46° 42' 


32° 64' 


109° 39' 


24° 56' 


146° 68' 


10. 


40° 20' 


70° 40' 


40° 00* 


(81° 64' 
(48° 64' 


69° 34' 
110° 26' 


100° 32' 
48° 26' 


IL 


60° 00' 


40° 00' 


80° 00' 


42° 10' 


66° 43' 


69° 38' 


12. 


160° 57' 


134° 16' 


144° 23' 


/23°57' 
(56° 42' 


59° 11' 
120^49' 


29° 09* 

97° 44' 




A 


B 


a 


b 


c 


C 


13. 


110° 10' 


133° 18' 


147° 06' 


156' 06' 


33° 02' 


70° 21' 


14 


113° 39' 


123° 40' 


65° 40* 


124° 07' 


159° 50' 


159° 44' 


16. 


159° 43' 


123° 40' 


159° 50' 


c 66 62' 
ll24°08' 


137° 22' 
66° 39' 


137° 04' 
113° 39' 


16. 


100° 02' 


98° 30' 


95° 21' 


90° 


147° 38' 


147° 58' 




a 


b 


C 


e 


A 


B 


17. 


35° 37' 


59° 12' 


124° 18' 


82° 16' 


29° 02' 


46° 44' 


18. 


124° 07' 


88° 12' 


50° 02' 


69° 04' 


132° 18' 


63° 16' 


19. 


88° 12' 


120° 56' 


47° 42' 


66° 66' 


63" 15' 


129° 59' 


20. 


47° 42' 


63° 15' 


59° 04' 


60° 00' 


66° 63' 


88° 13' 




A 


B 


c 


a 


b 


G 


2L 


57° 36* 


120° 48' 


124° 18' 


44°44'.5 


134°15'.5 


97° 42' 


22. 


39° 45' 


26° 59' 


154° 47' 


121°27'.6 


37°16'.6 


161° 22' 


23. 


107° 33' 


128° 42' 


124° 13' 


82° 47' 


126° 42' 


127° 22' 


24 


82° 48' 


125° 42' 


62° 38' 


107° 34' 


128° 42' 


56° 48' 



25. Find the length in geographical miles of the great 
circle arc joining Sandy Hook (New York Harhor), lat. 
40° 28', long. 74° 08', with Cork Harbor (Queenstown), 
lat. 51° 47', long. 8° 11'. Ans. 2726 m. 
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Remark, The lengths of the routes travelled by steam- 
ers of the White Star Line are as follows : 

Queenstovm to Sandy Hook. 
Route A (summer), 2783 miles. 
Route B (winter), 2855 miles. 

Saridy Hook to Queenstoum. 
Route C, . . . 2889 miles. 

26. Find the distance from Sandy Hook (v. Ex. 25) to 
the Giants' Causeway (north coast of Ireland), lat. 55° 18', 
long. 6° 24'. Ans. 2745 m. 



APPENDIX L 

DEFINITIONS AND EXPLANATIONS OF SOME OF THE TEBMS 
USED IN SPHERICAL ASTBONOMY. 

§ 1. All heavenly bodies may be considered to be pro- 
jected upon the concave surface of a sphere of indefinite 
radius, the eye of the observer being at the centre of the 
sphere. This sphere is called the Celestial Sphere. 

§ 2. The axis of the earth, or the straight line which 
joins its poles, is also the axis of the celestial sphere, and 
the points in which it cuts the latter are called the jpoles 
of the celestial sphere. 

§ 3. The great circle in which the plane of the earth's 
equator cuts the celestial sphere is called the celestial equa^ 
tor, or the equinoctial. 

§ 4. Great circles which pass through the poles of the 
celestial sphere are called hour circles, or circles of declina^ 
tion ; they are evidently perpendicular to the equinoctial. 

§ 5. The celestial meridian of a place on the earth's 
surface is the circle in which the plane of the teyrestial 
meridian of the place cuts the celestial sphere. 
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§ 6. Since the earth makes a complete rotation about 
its axis once in twenty-four hours, every point of the celes- 
tial meridian will move through a complete circumference, 
or arc of 360°, in the same time ; hence angles are some- 
times measured in time, thus 24 h. = 360°, 1 h. = 15°. 

§ 7. The hour angle of a heavenly body is the inclina- 
tion of the hour circle (circle of declination) which passes 
through the body to the celestial meridian, and is measured 
by the arc of the celestial equator (equinoctial) included 
between these two circles ; hour angles are measured posi- 
tive from the celestial meridian towards the west, from 0° 
to 360°, or h. to 24 h. The hour angle of the sun is the 
solar time. When, for example, the hour angle of the sun 
is 30° or 2 h., the solar time is 2 o'c. p. m. ; and when the 
hour angle is — 30 "^ the time is 10 o'c. A. m. 

§ 8. The sensible horizon of an observer is the plane 
through his feet and tangent to the earth's surface ; and 
his rational horizon is a plane parallel to the first through 
the centre of the earth. These two planes intersect the 
surface of the celestial sphere in two circles ; but the ra- 
dius of the celestial sphere is so immense in comparison 
with the radius of the earth that the two circles will sen- 
sibly coincide and form one great circle called the celestial 
horizon. The earth then, when compared with the celes- 
tial sphere, is to be regarded as only a point at its centre. 

§ 9. The straight line through the feet of the observer 
and perpendicular to the plane of his horizon is called a 
vertical line, and the upper and lower points in which ir 
cuts the celestial sphere are called the zenith and nadir 
respectively. 
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§ 10. Vertical circles are great circles which pass 
through the zenith and nadir. The celestial meridian is 
evidently a vertical circle, and passes through the north 
and south points of the horizon. 

The prime vertical is that vertical circle which is per- 
pendicular to the plane of the celestial meridian ; it there- 
fore cuts the celestial horizon in its east and west points. 

§ 11. The great circle of the celestial sphere in which 
the sun appears to move, or in which to an observer on the 
fc}un the earth would appear to move, is called the ecliptic. 
The points in which a straight line through the earth and 
perpendicular to the plane of the ecliptic cuts the celestial 
sphere are called the poles of the ecliptic ; great circles 
through these points are called circles of latitude. 

§ 12. The vernal and autumnal equinoxes Skve the points 
in which the ecliptic cuts the equinoctial 

§ 13. The inclination of the ecliptic to the equinoctial 
is called the obliquity of the ecliptic, and is denoted by the 
letter e ; it is equal to 23° 27'. 

§ 14. Spherical Coordinates. 

The position of any point on the surface of a sphere is 
determined when its angular distances from any two fixed 
great circles of the sphere are known. Thus the position 
of any point on the earth's surface is known when we have 
determined its latitude and longitude, i. e. its angular dis^ 
tances from the equator and the prime meridian. 

§ 15. For the purpose of denoting the position of a 
point on the celestial sphere astronomers make use of 
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three sets of coordinate circles, or circles of reference, as 
follows : 

I. The celestial horizon^ and the celestiaZ meridian of 
the pUbce. 

The angle made by the vertical circle through a body 
with the celestial meridian is called the azimuth ; this is 
generally reckoned from the south point of the horizon to 
the right hand, from 0° to 360°. 

The angular distance of the body above the celestial 
horizon measured on the vertical circle through the body 
is called the altitude. 

The distance of a body from the zenith measured on the 
vertical circle is called the zenith distance ; it is evidently 
the complement of the altitude. 

IL The equinoctial, and the hour circle (circle of decli- 
nation) through the vernal equinox* 

The angle made by the hour circle through a body with 
the hour circle through the vernal equinox is called the 
right ascension ; this is always reckoned from the vernal 
equinox towards the east, from 0° to 360° or h. to 24 h. 

The angular distance of a body from the plane of the 
equinoctial measured on the hour circle of the body is 
called the declination; it is reckoned to the north and south, 
and cannot therefore exceed 90®. The distance of a body 
from either pole measured on its hour circle is called the 
polar distance ; it is evidently the complement of the dec- 
lination. 

III. ITie ecliptic, and the circle of latitude through the 
vernal equinox. 

The angle made by the circle of latitude through the 
body and the circle o£ latitude through the vernal equinox 
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is called the longitude ; it is reckoned from the vernal 
equino>c towards the east, from 0° to 360°. 

The angular distance of a body from the ecliptic meas- 
ured on its circle of latitude is called the latitude. 




§ 16. The position of a body in the heavens may then 
be denoted either by its altitude and azimuth, or by its right 
ascension and declination^ or by its latitude and longitude. 

Care must be taken not to confound the latitude and 
longitude of a place on the earth's surface with the latitude 
and longitude of a heavenly body. 

The sun being always in the ecliptic, its latitude is 
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always 0° ; its longitude changes by 360° during the year : 
on March 21, it is 0° ; on June 21, it is 90° ; on Septem- 
ber 21, it is 180° ; on December 21, it is 270° ; and on 
March 21, again, it is 360°, or 0°. 

When a body rises or sets its altitude is evidently 0°, 
and when the altitude is greatest the body is on the celes- 
tial meridian and the azimuth is either 0® or 180°. 

§ 17. In Fig. 1, o represents the earth, nesw the 
celestial horizon of the observer, z the zenith, decw the 
equinoctial, p the elevated pole (i. a that one which can be 
seen by the observer), and v the the vernal equinox. 

If K denotes some celestial body, then the elements of its 
position are as follows : 

[The order of the letters denotes the direction in which 
the elements are measured.] 

GK = altitude (A), 

ZK = zenith distance, 
8WG = azimuth (a), 

BK = declination (8), 

PK = polar distance, 

VB = right ascension (a), 
CPB (cb) = hour angle (t), 
cz = NP = latitude (</>) of the place of observation. 

The triangle pzk is called the astronomical triangle, the 
elements of which are 90°— <^, 90— A, 90 — 8, t, the angle K 
called the position angle, and the angle kzp = 180°— a^ The 
solution of this triangle from sufficient data will enable us 
to answer many of the questions which are likely to arise 
in Spherical Astronomy. 
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S 18. In Fig. 2 let caly denote the ecliptic, eaqy tlie 
equinoctial, d and p their respective poles, and it the 
position of a body in the heavens. 



FIG. 2. 




Hence it follows that a and v denote the autumnal and 
vernal equinoxes, lq = dp the obliquity of the ecliptic 
(e = 23° 27') ; and the elements of the position of k are 

VB = the right ascension (w), 
BK = the declination (8), 
VG = the celestial longitude, 
GK = the celestial latitude. 



APPENDIX II. 

COLLECTION OF FORMULAS AND OTHEB USEFUL MATTER, 
FOR EASY REFERENCE. 



Right Triangles. 

cos c = cos a cos h. [1] 

. sin & sin a ^^- 

sml5 = -: — ; sinA = -; — . 12 | 

sm c sin c ^ -' 

tan a . tan b 



6. 



cos B = ; cos A = . [SI 

tan tan c 

Uiib tana j..^ 

tan B = — ; tan A = — — r . [4 j 

sin a sin o 

c < 9C when a and b are in the same quadrant. 

c>90° " " " " " different quadrants. 

An oblique angle and its opposite side are in the 
^ same quadrant. 

cos B cos A -„_ 

cos b = — — r ; cos a = - — =: . I 5 1 

sm A sm B ^ -^ 

cos c = ctn A ctn B. [6] 

Napier^s Rules, 

(1) The sine of any part is equal to the product 
of the (t)angents of the {d)djar 

§ 8. ^ cent parts. ^" *^ 

(2) The sine of any part is [ ^^p^ 
equal to the product of the 
(c)osines of the {o)pposite parts. 



§7. 
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§10. 



)12. 



Given 



Casal. 

a and b. 



Case II. 
a and c. 



Casein. 
a and B. 



Case IV. 
a and A. 



CaseV. 
c and A. 



Case VI. 
A and B. 



Sought 



COS c= COS a cos b, tan A = 



tana 
sin b' 



tanB=: 



tan b 
sin a 



cos c . . sin a .«. tan a 

cos b = , sin A= -; — , cos B =• • 

COB a sm c tan c 

cos A = COS a sin B, tan b := sin a tan B, 

tana 



tan c- 



cosB 



. ^ cosA . - 
sm B= , sin 6 : 



tan a , sm a 

_:- ^, sine = -Tar- 
tan A smA 



ctn B= cos c tan A, tan b = tan c cos A, 
sin a = sin c sin A. 



COS a- 



COS A 



sin B ' 
cos c = ctn A ctn B. 



cos^ = 



B 



sin A' 



Check Formulas, 
Case I. cos c = ctn A ctn B. 

i-i TT T cosB 

Case II. cos b = 



Case III. 
Case IV. 

Case V. 

Case VI. 



sin A* 

tan b = tan c cos A. 

sin b = sin c sin B. 

tan ft 
tanB: 



sin a 
cos c = cos a cos b. 



Special Formulas for Case IL (given a and c). 
tan^ 4 ft = tan i (a + c) tan \ (c — a), (a) \ 
tan^ (45°- i A) = tan i (c-a) ctn J (c -h a), (ft) > [7] 
, tan^ i B = sin (c — a) -f- sin (c -f a). (c) ; 
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In Case IV. (given a and A) two solutions are 
always possible, yiz. : 

(1) b acute, 6 acute, c and a alike. 

(2) h obtuse, B obtuse, e and a unlike. 

Special Formulas for Case IV. 
tan»(46°-iB)=tani(A--a)tani(A+a). (o) ^ 
tan'(45°-i *)= 8in(A-a)-r sin (A+a). (J>) J [8] 
L tan«(46°-ic) = tan i(A-a) ctni(A+o). (c) ) 

Special Formulas for Case VI. (given A and B). 
^ , , tan i (90° + B - A) . . 

'^*°^" = tanHB + A-90r («> 



il6. 



§20. 



k^i 



^j,, tani(90° + A-B) ... 

^*°^^= tanKB + A-90r (*> 

^ COS (B + A) ^^ 

ITie General Triangle. 

17. sinA^sinB^sinC 

Sin a sin b sin c *- -■ 

18. * cos a = cos 6 cos c + sin b sin c cos A. [11] 
1 19. * — cos A = cos B cos C — sin B sin C cos a. [12] 

^ , . . /sins sin (s— a) 

* cos i A = V : — ^; ^ . 

▼ sm b sm c 

▼ sm b sm c 

▼ sin s sm (5 — a) 



sin s sin (s — a) 



[13] 
[14] 
[15] 
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• .„.!„= ./ C08(S-B)C08(S- C) 

V sin B sin C 



»co9 i a=V --'^"T"^'^^"~"\ [16] 



21. M Bin M = \/~ '^'■^ '"'■^'^ ~ ^^ 
▼ sin B sin fJ 



^ VcosrS-B^cos^S-n 



122. 



cos(S-B)cos(S-C)' 
Gmiss Formulas. 



• 1 / A . -Dx cos i (a — ^>) 

sm J (A + B) = ?-^ ^ cos i C. 

cos ^ c 



[171 
[18] 



cosHA + B) = £^^±^sin,C. [19] 

- , . _,, sin i (a H- J) . , ^ 

cos WA — B) = V, ^ sm J C. 

sm i c ^ 



[20] 

[21] 

^sinHA-B) = ^J|Z:^eosiC. [22] 

Napier^s Analogies, 

tan i ( A + B) = S^ilfL^J ctn J C. [23] 

COS J (a + ft) ^ •- -' 

^°^(-+^>= :::[(A;Bi ^-^- c^s] 

I f "R — i / ~ ^^^ ^ r971 

§ 23 J ^^ ~ V COS (S - A) cos (S-B) c^(S-C) ' '- -' 
I tan i a = tan E cos (S — A). ' [28] 

* V. note, p. 80, Plane Trig. 
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tan r = \/'^ ^^~^> ^^'^ ^^~^> ^''^ ^^-^. [29] 

▼ sm s *- -" 

tan^A= . ^i^""' , . [30] 

L ' sm (5 — a) ^ -• 



Solution of Oblique Triangles, 
[10] may be used as a check formula in each case. 
Case I. Given a, b, and c ; use [29] and [30]. 
Case II. Given A, B, and C ; use [27] and [28]. 
Case III. Given a, b, and Aj use [10], [25], and [23]. 

Only one solution when the side opposite the given angle 
differs less from 90° than th^ other given side, and two 
solutions when the side opposite the given angle differs 
more from 90° than the other given side. 

Case IV. Given A, B, and a ; use [10], [25], and [23]. 

There will be one or two solutions according as the polar 
triangle (v. Case III.) has one or two solutions. 

Case V. Given a, b, and C ; use [23], [24], and [25] 

or [26]. 
Case VI. Given A, B, and c ; use [25], [26], and [23] 

or [24]. 
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1443 


1446 1449 1452 1456 1458 


1461 


1461 1464 


1467 


1471 


1474 


1477 1480 1483 1486 1489 


1492 


141 


1492 1495 


1498 


1501 


1504 


1508 1511 1514 1517 1520 


1523 


142 


1523 1526 


1529 


1532 


1536 


1538 1541 1544 1547 1550 


1553 


143 


1553 1556 


1559 


1562 


1565 


1569 1572 1575 1578 1581 


1584 


144 
145 


1584 1587 


1590 


1593 


1596 


1599 1602 1605 1608 1611 


1614 


1614 1617 


1620 1623 


1626 


1629 1632 1635 1638 1641 


1644 


146 


1644 1647 1649 


1662 


1655 


1658 1661 1664 1667 1670 


1673 


147 


167S 1676 


1679 


168:: 


1685 


1688 1691 1694 1697 1700 


1703 


'48 


1703 1706 


1708 


1711 


1714 


1717 1720 1723 1726 1729 


1732 


19 


1732 1735 


1738 


1741 


1744 


1746 1749 1752 1755 1758 


1761 



IiogaritlimB. 



N 


12 3 4 5 


6 


7 


8 


9 10 


150 


1761 1764 1767 1770 1772 


1776 


1778 


1781 


1784 


1787 


1790 


151 


1790 1793 1796 1798 1801 


1804 1807 


1810 


1813 


1816 


1818 


152 


1818 1821 1824 1827 1830 


1833 


1836 1838 


1841 


1844 


1847 


153 


1847 1850' 1853 1855 1858 


1861 


1864 


1867 


1870 


1872 


1875 


154 
1^5 


1875 1878 1881 1884 1886 


1889 


1892 


1895 


1898 


1901 


1903 


1903 1906 1909 1912 1915 


1917 


1920 


1923 


1926 


1928 


1931 


156 


1931 1934 1937 1940 1942 


1945 


1948 


1951 


1953 


1956 


1969 


157 


1969 1962 1965 1967 1970 


1973 


1976 


1978 


1981 


1984 


1987 


158 


1987 1989 1992 1995 1998 


2000 2003 


2006 


2009 


2011 


2014 


159 
160 


2014 2017 2019 2022 2026 


2028 


2030 


2033 


2036 


2038 


2041 


2041 2044 2047 2049 2052 


2055 


2057 


2060 2063 


2066 


2068 


161 


2068 2071 2074 2076 2079 


2082 


2084 2087 


2090 2092 


2096 


162 


2095 2098 2101 2103 2106 


2109 


2111 


2114 2117 


2119 


2122 


163 


2122 2125 2127 2130 2133 


2135 


2138 


2140 


2143 


2146 


2148 


164 
105 


2148 2151 2154 2166 2169 


2162 


2164 2167 


2170 2172 


2176 


2175 2177 2180 2183 2185 


2188 


2191 


2193 


2196 


2198 


2201 


166 


2201 2204 2206 2209 2212 


2214 


2217 


2219 


2222 


2225 


2227 


167 


2227 2230 2232 2235 2238 


2240 2243 


2246 


2248 


2251 


2253 


168 


2253 2256 2258 2261 2263 


2266 


2269 


2271 


2274 2276 


2279 


169 
170 


2279 2281 2284 2287 2289 


2292 


2294 


2297 


2299 


2302 


2304 


2304 2307 2310 2312 2315 


2317 


2320 


2322 


2326 


2327 


2330 


171 


2330 2333 2336 2338 2340 


2343 


2345 


2348 


2350 


2353 


2355 


172 


2356 2368 2360 2363 2365 


2368 


2370 


2373 


2375 


2378 


2380 


173 


2380 2383 2385 2388 2390 


2393 


2395 


2398 


2400 


2403 


2405 


174 
175 


2405 2408 2410 2413 2416 


2418 


2420 2423 


2425 


2428 


2430 


2430 2433 2435 2438 2440 


2443 


2445 


2448 


2450 2453 


2455 


176 


2456 2458 2460 2463 2465 


2467 


2470 


2472 


2475 


2477 


2480 


177 


2480 2482 2485 2487 2490 


2492 


2494 2497 


2499 


2502 


2504 


178 


2504 2507 2509 2512 2514 


2516 


2519 


2521 


2524 


2526 


2529 


179 
i80 


2529 2531 2533 2536 2538 


2541 


2543 


2545 


2548 


2550 


2553 


2553 2556 2658 2560 2562 


2565 


2567 


2570 


2572 


2574 


2577 


181 


2577 2570 2582 2584 2586 


2589 


2591 


2594 


2596 


2598 


2601 


182 


2601 2603 2605 2608 2610 


2613 


2615 


2617 


2620 


2622 


2625 


183 


2625 2627 2629 2632 2634 


2636 


2639 


2641 


2643 


2646 


2648 


184 
185 


2648 2651 2663 2655 2658 


2660 


2662 


2665 


2667 


2669 


2672 


2672 2674 2676 2679 2681 


2683 


2686 


2688 


2690 


2693 


2695 


186 


2695 2697 2700 2702 2704 


2707 


2709 


2711 


2714 


2716 


2718 


187 


2718 2721 2723 2725 2728 


2730 


2732 


2735 


2737 


2739 


2742 


188 


2742 2744 2746 2749 2751 


2753 


2755 


2758 


2760 


2762 


2765 


189 
190 


2765 2767 2769 2772 2774 


2776 


2778 


2781 


2783 


2785 


2788 


2788 2790 2792 2794 2797 


2799 


2801 


2804 


2806 


2808 


2810 


191 


2810 2813 2815 2817 2819 


2822 


2824 


2826 2828 


2831 


2833 


192 


2833 2835 2838 2840 2842 


2844 


2847 


2849 


2851 


2853 


2856 


193 


2856 2858 2860 2862 2865 


2867 


2869 


2871 


2874 2876 


2878 


194 
195 


2878 2880 2882 2885 2887 


2889 


2891 


2894 


2896 


2898 


2900 


2900 2903 2905 2907 2909 


2911 


2914 


2916 


2918 


2920 


2923 


196 


2923 2925 2927 2929 2931 


2934 


2936 


2938 


2940 


2942 


2945 


197 


2945 2947 2949 2951 2953 


2956 


2958 


2960 


2962 


2964 


2967 


198 


2967 2969 2971 2973 2975 


2978 


2980 


2982 


2984 


2986 


2989 


199 


2989 2991 2993 2996 2997 


2999 


3002 


3004 


3006 


3008 


3010 



of Bums and Biffisreooes. 



A 


H. 7. 8. a O. 1. ^. 3. 1 


OO 


aoooo 


aooo4 


a0043 


a0414 9 


0.3010 50 


1.0414 91 


2.0048 


3.0004 


01 


0.0000 


0.0004 


a0044 


a0428 9 


0.3061 51 


1.0505 91 


2.0142 


3.0104 


02 


0.0000 


0.0006 


0.0046 


0.0432 9 


asm 51 


1.06»6 91 


2.0341 


3.0204 


OS 


0.0000 


0.0006 


a0046 


0.0442 10 


0.3163 52 


1.0687 91 


2.0340 


3.0304 


04 


0.0000 


aooo6 


a0047 


0.0462 10 


0.8216 «2 


1.0779 82 


2.0439 


3.0404 


0.0000 


0.0006 


0.0048 


0.0462 10 


0.3267 63 


1.0871 92 


2.0589 


3.0504 


06 


0.0000 ' 0.0006 


0.0060 


0.0472 10 


0.3321 53 


1.0963 92 


2.0638 


3.0604 


07 


0.0001 0.0006 


0.0061 


0.0482 11 


0.3374 54 


1.1066 92 ; 2.0787 


3.0704 


08 


aoooi 


0.0005 


a0062 


0.0493 11 


0.3429 55 


1.1147 82 


2.0836 


8.0804 


09 
lO 


0.0001 


0.0006 


0.0063 


0.0504 11 


0.3484 55 


1.1289 92 


2.0936 


3.0904 


0.0001 


aooo6 


a0064 


0.0516 U 


aS6S9 56 


1.1832 93 


2.1034 


3.1003 


11 


0.0001 


0.0006 


0.0066 


0.0626 11 


0.8696 56 


1.1425 93 


2.1184 


S.1103 


12 


0.0001 


aooo6 


0.0067 


0.0638 12 


0.3662 ffT 


1.1618 93 


2.1233 


3.1303 


13 


aoooi 


0.0006 


a0068 


a0660 12 


0.3709 57 


1.1611 98 


2.1332 


3.1303 


14 
15 


0.0001 


0.0006 


aoo60 


0.0562 12 


a3766 58 


1.1704 96 


2.1431 


3.1403 


0.0001 


0.0006 


aoo6i 


0.0574 12 


0.3826 50 


1.1797 98 


2.1531 


S.1603 


16 


0.0001 


0.0006 


a0062 


0.0586 13 


0.3884 59 


1.1891 94 


2.1630 


3.1603 


17 


0.0001 


0.0006 0.0064 


0.0699 13 


0.8943 60 


1.1984 94 


2.1739 


3.1703 


18 


0.0001 


0.0007 


0.0065 


0.0612 13 


0.4003 60 


1.2078 94 


2.1829 


3.1803 


19 
SO 


0.0001 


0.0007 


0.0067 


0.0625 13 


0.4063 61 


1.2172 94 


2.1928 


3.1903 


0.0001 0.0007 


0.0068 , 0.0639 U 


0.4124 61 


1.2266 94 


2.2027 


3.3003 


21 


0.0001 0.0007 


0.0070 0.0663 14 


0.4186 62 


1.2360 94 


2.2127 


3.2103 


22 


0.0001 0.0007 


a0071 0.0667 14 


0.4248 62 


1.2464 94 


2.2226 


3.2203 


23 


0.0001 


0.0007 


0.0073 0.0681 lA 


0.4311 63 


1.2648 94 


2.2326 


3.3303 


24 
25 


0.0001 


0.0008 


0.0076 0.0696 15 


0.4374 63 


1.2643 96 


2.2425 


3.2402 


0.0001 ' 0.0008 


0.0077 0.0711 15 


0.4438 64 


1.2738 95 


2.2524 


3.26021 


26 


0.0001 0.0008 


0.0078 0.0726 15 


0.4502 65 


1.2832 96 


2.2624 


3.2602 


27 


0.0001 0.0008 


0.0080 0.0742 16 


0.4567 65 


1.2927 95 


2.2723 


3.2702 


28 


0.0001 0.0008 


0.0082 0.0767 16 


0.4632 66 


1.3022 96 


2.2823 


3.2802 


29 
30 


0.0001 1 0.0008 


0.0084 ' 0.0774 16 


0.4698 66 


1.3117 96 


2.2922 


3.2902 


0.0001 ! 0.0009 


0.0086 


0.0790 17 


0.4764 07 


1.3212 95 


2.3022 


3.3002 


31 


0.0001 


0.0009 


0.0088 


0.0807 17 


a4831 67 


1.3308 96 


2.3121 


3.3102 


32 


0.0001 


0.0009 


0.0090 


0.0824 17 


0.4899 68 


1.3403 96 


2.3221 


3.3202 


33 


0.0001 


0.0009 


0.0092 


0.0841 18 


0.4966 68 


1.3499 96 


2.3320 


3.3302 


34 
35 


0.0001 


0.0009 


0.0094 


0.0859 18 


0.5035 69 


1.3694 96 


2.3420 


a3402 


0.0001 


0.0010 


0.0096 


0.0877 18 


0.6104 69 


1.3690 96 


2.3519 


3.3502 


36 


0.0001 


0.0010 


0.0098 


0.0896 19 


0.5173 70 


1.3786 96 


2.3619 


3.3602 


37 


0.0001 


0.0010 


0.0101 


0.0915 19 


0.5243 70 


1.3881 96 


2.3718 


3.3702 


38 


0,0001 


0.0010 


0.0103 


0.0934 19 


0.5313 71 


1.3977 96 


2.3818 


3.3802 


39 
40 


0.0001 1 0.0011 


0.0106 


0.0953 20 


0.5384 71 


1.4073 96 


2.3918 


3.3902 


0.0001 


0.0011 


0.0108 


0.0973 20 


0.5455 72 1.4170 96 


2.4017 


3.4002 


41 


0.0001 


0.0011 


0.0110 


0.0993 20 


0.5527 72 1.4266 96 


2.4117 


3.4102 


42 


0.0001 


0.0011 


0.0113 


0.1014 21 


0.5599 72 1.4362 96 


2.4216 


3.4202 


43 


0.0001 


0.0012 


0.0115 


0.1036 21 


0.5672 73 1.4458 96 


2.4316 


3.4302 


44 
45 


0.0001 


0.0012 


0.0118 


0.1057 22 


0.5745 73 1.4555 96 


2.4416 


3.4402 


0.0001 


0.0012 


0.0121 


0.1078 22 


0.5819 74 


1.4651 97 


2.4515 


3.4502 


46 


0.0001 


0.0013 


0.0123 


0.1101 22 


0.5893 74 


1,4748 97 


2.4615 3.4602 


47 


0.0001 


0.0013 


0.0126 


0.1123 23 


0.5967 75 


1.4845 97 


2.4715 3.4701 


48 


0.0001 


0.0013 


0.0129 


0.1146 23 


0.6042 75 


1.4941 97 


2.4814 3.4801 


49 


0.0001 


0.0013 


0.0132 


0.1169 21 


0.6118 70 


1.5038 97 


2.4914 3.4901 


"> 


0.0001 


0.0014 '0.0135 


0.1193 24 


0.6193 76 1.5135 97 1 2.5014 1 3.5001 1 



Logaritlnns of Sums and Differenoea 



A 


6. 7. 8. 9. 0. 1. 2. 3. 


50 


0.0001 


0.0014 


0.0135 


0.1193 24 


0.6193 76 


1.5135 97 


2.5014 


3.5001 


51 


0.0001 


0.0014 


0.0138 


0.1218 24 


0.6269 76 


1.5232 97 


2.5113 


3.5101 


52 


0.0001 


0.0014 


0.0141 


0.1242 25 


0.6346 77 


1.5329 97 


2.5213 


3.5201 


53 


0.0001 


0.0015 


0.0145 


0.1267 25 


0.6423 77 


1.5426 97 


2.5313 


3.5301 


54 
55 


0.0002 


0.0015 


0.0148 


0.1293 26 


0.6501 78 


1.5523 97 


2.5413 


3.5401 


0.0002 0.0015 


0.0151 


0.1319 28 


0.6578 78 


1.5621 97 


2.5512 


3.5501 


56 


0.0002 , 0.0016 


0.0155 


0.1345 27 


0.6657 78 


1.5718 97 


2.5612 


3.5601 


57 


0.0082 0.0016 


0.0158 


0.1372 27 


0.6735 79 


1.5815 97 


2.5712 


3.6701 


58 


0.0002 


0.0016 


0.0162 


0.1399 28 


0.6814 79 


1.5913 97 


2.5811 


3.5801 


69 


0.0002 


0.0017 


0.0166 


0.1427 28 


0.6893 80 


1.6010 97 


2.5911 


3.5901 


0.0002 


0.0017 


0.0170 


0.1455 28 


0,6973 80 


1.6108 98 


2.6011 


3.6001 


61 


0.0002 


0.0018 


aoi73 


0.1484 29 


0.7053 80 


1.6205 98 


2.6111 


3.6101 


62 


0.0002 


0.0018 


0.0177 


0.1513 29 


0.7134 81 


1.6303 98 


2.6210 


3.6201 


63 


0.0002 


0.0018 


0.0181 


0.1543 30 


0.7215 81 


1.6401 98 


2.6310 


3.6301 


64 
65 


0.0002 


0.0019 


0.0186 


0.1573 30 


0.7296 81 


1.6498 98 


2.6410 


3.6401 


0.0002 


0.0019 


0.0190 


0.1604 31 


0.7377 82 


1.6596 98 


2.6510 


3.6501 


66 


0.0002 


0.0020 


0.0194 


0.1635 31 


0.7459 82 


1.6694 98 


2.6609 


3.6601 


67 


0.0002 


0.0020 


0.0199 


0.1666 32 


0.7541 82 


1.6792 98 


2.6709 


3.6701 


68 


0.0002 


0.0021 


0.0203 


0.1699 32 


0.762483 


1.6890 98 


2.6809 


3.6801 


69 
TO 


0.0002 


0.0021 


0.0208 


0.173133 


0.7707 83 


1.6988 98 


2.6909 


3.6901 


0.0002 


0.0022 


0.0212 


0.1764 33 


0,7790 83 


1.7086 98 


2.7009 


3.7001 


71 


0.0002 


0.0022 


0.0217 


0.1798 34 


0.7874 84 


1.7184 98 


2.7108 


3.7101 


72 


0.0002 


0.0023 


0.0222 


0.1832 34 


0.7957 84 


1.7282 98 


2.7208 


3.7201 


73 


0.0002 


0.0023 


0.0227 


0.1867 35 


0.8042 84 


1.7380 98 


2.7308 


3.7301 


74 
75 


0.0002 


0.0024 


0.0232 


0.1902 36 


0.8126 85 


1.7478 98 


2.7408 


3.7401 


0.0002 


0.0024 


0.0238 


0.1938 36 


0.821185 


1.7577 98 


2.7508 


3.7501 


76 


0.0002 


0.0025 


0.0243 


0.1974 37 


0.8296 85 


1.7675 98 


2.7608 


3.7601 


77 


0.0003 


0.0025 


0.0248 


0.2011 37 


0.8381 85 


1.7773 98 


2.7707 


3.7701 


78 


0.0003 


0.0026 


0.0254 


0.2048 38 


0.8467 86 


1.7871 98 


2.7807 


3.7801 


79 
80 


0.0003 


0.0027 


0.0260 


0.2086 38 


0.8553 86 


1.7970 98 


2.7907 


3.7901 


0.0003 0.0027 


0.0266 


0.2124 39 


0.8639 86 


1.8068 98 


2.8007 


3.8001 


81 


0.0003 0.0028 


0.0272 


0.2163 39 


0.8725 87 


1.8167 98 


2.8107 


3.8101 


82 


0.0003 


0.0029 


0.0278 


0.2203 40 


0.8812 87 


1.8265 99 


2.8207 


3.8201 


83 


0.0003 


0.0029 


0.0284 


0.2243 40 


0.8899 87 


1.8364 99 


2.8306 


3.8301 


84 

85 


aooo3 


0.0030 


0.0291 


0.2284 41 


0.8986 87 


1.8462 99 


2.8406 


3.8401 


0.0003 


0.0031 


0.0297 


0.2325 41 


0.9074 88 


1.8561 99 


2.8506 


3.8501 


86 


0.0003 


0.0031 


0.0304 


0.2366 42 


0.9162 88 


1.8660 99 


2.8606 


3.8601 


87 


0.0003 


0.0032 


0.0311 


0.2409 43 


0.9250 88 


1.8758 99 


2.8706 


3.8701 


88 


0.0003 


0.0033 


0.0318 


0.2452 43 


0,9338 88 


1.8857 99 


2.8806 


3.8801 


89 
90 


0.0003 


0.0034 


0.0325 


0.2495 44 


0.9426 89 


1.8956 99 


2.8906 


3.8901 


0.0003 


0.0034 


0.0332 


0.2539 44 


0.9515 89 


1.9054 99 


2.9005 


3.9001 


91 


0.0004 


0.0035 


0.0339 


0.2584 45 


0.9604 89 


1.9153 99 


2.9105 


3.9101 


92 


0.0004 


0.0036 


0.0347 


0.2629 45 


0.9693 89 


1.9252 99 


2.9205 


3.9201 


93 


0.0004 


0.0037 


0.0355 


0.2674 46 


0.9782 89 


1.935199 


2.9305 


3.9301 


94 
95 


0.0004 


0.0038 


0.0363 


0.2721 47 


0.9872 90 


1.9450 99 


2.9405 


3.9400 


0.0004 


0.0039 


0.0371 


0.2767 47 


0.9962 90 


1.9548 99 


2.9505 


3.9500 


96 


0.0004 


0.0039 


0.0379 


0.2815 48 


1.0052 90 


1.9647 99 


2.9605 


3.9600 


97 


0.0004 


0.0040 


0.0387 


0.2863 48 


1.0142 90 


1.9746 99 


2.9705 


3.9700 


98 


0.0004 


0.0041 


0.0396 


0.291149 


1.0232 91 


1.9845 99 


2.9805 


3.9800 


99 
OO 


0.0004 


0.0042 


0.0405 


0.2961 49 


1.0323 91 


1.9944 99 


2.9904 


3.9900 


0.0004 


0.0043 


0.0414 


0.3010 50 


1.0414 91 


2.0043 99 


3.0004 


4.oor 



Logarithms of Giroalar FnnctioiuL 



0® lain itn Isc 



oS 



l^ lain Itn lac 



2^ Iain Itn lac 



sy 



50' 

52' 

56^ 
57' 
58' 
59' 

60/ 



7.1627 27 




7.4637 37 



7.5061 
7.5429 
7.5777 
7.60r" 



99 



II 



7.6398 98 



7.6678 
7.6942 
7.7190 
7.7425 



90 

25 



7.7648 48 



7.7859 
7.8061 
7.8255 
7.8439 



55 



7.8617 17 



7.8787 
7.8951 
7.9109 
7.9261 



7.9408 09 



7.9551 
7.9689 
7.9822 
7.9952 



51 
89 

23132 
52128 

8.0078 78l2f 



8.0200 
8.0319 
8.0435 
8.0548 



00121 
19 117 
35114 
48111 



8.0658 58 109 



8.0765 
8.0870 
8.0972 
8.1072 



65 106 

70103 

72101 
72 99 



8.1169 70 97 



8.1265 
8.1539 



65 94 

59 92 

50 90 

40 89 



8.1627 27 87 



8.1713 
8.1797 
8.1880 
8.1961 



13 85 

98 84 

80 82 

62 80 



8.2041 41 79 



8.2119 
8.2196 
8.2271 
8.2346 



20 78 

96 76 

12 ^^ 

46 74 



8.2il9 19 72 



8.2419 19 72 01 




00 



8.2766 67 87 



8.2832 33 66 
8.2898 99 6B 
8.2962 63 64 
8.3025 26 63 



00 



8.3088 89 62 



8.3150 50 61 
8.3210 11 60 
8.3270 71 09 
8.3329 30 00 



00 



8.3388 89 68 



8.3445 46 67 
8.3502 03 56 
8.3658 59 66 
8.3613 14 56 



00 



8.3668 69 64 



8.3722 23 64 
8.3775 76 63 
8.3828 29 52 
8.3880 81 62 



00 



8.3931 32 61 



8.3982 83 61 
8.4032 33 50 
8.4082 83 49 
8.4131 32 49 



00 



8.4179 81 48 



8.4227 29 48 
8.4275 76 47 
8.4322 23 47 
8.4368 70 46 



00 



8.4414 16 46 



8.4459 61 46 
8.4504 06 46 
8.4549 51 44 
8.4593 95 44 



00 



8.4637 38 43 



8.4680 
8.4723 
8.4765 
8.4807 



82 43 
25 43 
67 42 
09 42 



00 



8.4848 51 41 



8.4890 
8.4930 
8.4971 
8.5011 



92 41 
33 41 
73 40 
13 40 



00 



8.5060 53 39 



8.6090 92 39 
8.5129 31 39 
8.5167 70 38 
8.5206 08 38 



01 



8.5243 46 38 



8.5281 83 37 
8.5318 21 37 
8.6355 58 37 
8.6392 94 37 



01 



8.5428 31 36 03 



8.6428 31 36 03 



8.5464 67 36 
8.6500 03 36 
8.5535 88 36 
8.5571 73 36 



01 



8.5606 08 36 



8.5640 43 34 
8.5674 77 34 
8.5708 11 34 
8.5742 45 34 



01 



8.5776 79 ^ 



8.5809 
8.5842 
8.5875 
8.5907 



45 33 
78 33 
11 32 



01 



8.5939 43 32 



8.5972 
8.6003 
8.6035 
8.6066 



75 32 
07 32 
38 31 
70 31 



01 



8.6097*01 31 



8.6128 32 31 
8.6159 63 31 
8.6189 93 30 
8.6220 23 30 



01 



8.6250 54 30 



8.6279 
8.6309 
8.6339 



83 30 
13 30 
43 29 
72 29 



01 



8.6397*01 29 



8.6426 
8.6454 
8.6483 
8.6511 



30 29 
59 29 
87 28 
15 28 



02 



8.6539 44 28 



8.6567 71 28 
8.6595 99 28 
8.6622 27 27 
8.6650 54 27 



02 



8.6677 82 27 



8.6704 09 27 
8.6731 36 27 
8.6758 62 27 
8.6784 89 26 



02 



8.6810 15 26 



8.6837 42 26 
8.6863 68 26 
8.6889 94 26 
8.6914 20 26 



02 



8.6940 45 26 



8.6965 71 25 
8.6991 96 26 
8.7016 21 25 
8.7041 46 26 



02 



8.7066 71 26 



8.7090 96 25 
8.7115 21 25 
8.7140 45 24 
8.7164 70 24 



8.7188 94 24 06 



03 



03 



03 



04 



04 



04 



04 



05 



05 



05 



06 



890 Icoa Ictn Icac 



88° I cow iutn Icsc 87° 1 coa I ctn I cac 
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Logarithms of Oirculaf FunctionB. 








1 * 


3° Idn Itn 


Uc| 


4*5 \^\\\ Itn 


tsi: 


5^ l^ir. Hn 


!!*(► 






00' 
10' 

Vr 

15 

25' 

29' 

30' 

31' 

1 33' 

33' 

34^ 

35' 

37' 
38' 
39' 

40' 

41' 
43' 
43' 
44' 

45 

43' 
47' 
48' 
49' 

50' 

51' 
52' 
63' 
B4' 

55' 

56' 
57' 
58' 
59' 

60^ 


3.7183 94 


14 


06 


3.843f) 46 1.- 


11 


3,^40 -i 20 u 


17 


00 

il' 

55' 

54' 
53' 

% 

5*!' 

49' 
48' 
47' 
46' 

1,^1 

44' 
43' 
42' 
41' 

40 

39' 

i?; 

36' 

35 

34' 
33' 

if: 

:if>' 

39' 
28' 
37' 
26' 

25' 

24' 

23' 
22' 

21' 

ao' 

19' 

18' 
17' 
16' ', 

t5' 

14' 
13' 
12' 
11' 

10' 

09' 
08' 1 
07' 
06' 

05' 

04' 
03' 
02' 
01' 

00 




S i 


14 

■J4 
24 


81 

06 
06 


3,3454 65 U 
8,8472 83 IH 
8,3490*01 1^ 
B,850S 18 IM 


11 
11 
11 
11 


8.9417 34 14 
8.9432 49 \\ 
8,9446 63 li 
8.9460 77 n 


17 
17 
17 
17 




8,7307 13 


23 


06 


3.8525 36 1- 


11 


8.9475 92 I4 


17 






23 
23 

113 


06 
07 


8,8543 54 |h 
8.8560 72 IM 
8.8578 89 in 
8,3595*07 17 


11 

11 
11 


8.9489*00 u 
8.9503 30 11 
8,9517 34 u 
8.9531 49 M 


17 
17 
17 
18 




8.7423 29 


2-d 


07 


8.8613 24 IT 


11 


8.9545 %% W 


18 




8.7445 52 
8.7613 30 




8? 

07 
07 




12 

12 


8.9559 77 11 
8.9573 91 H 
8.9587*05 M 

8,9601 19 11 


18 
18 
18 
18 




e.7535 42 


22 


07 


8.8699^1 i: 


12 


8.9614 33 H 


18 




8.7557 65 

8.7580 87 

8.7602 09 

. 8,7623 31 


2-1 


07 
07 
07 
07 


8.8716 28 i: 
8.8733 45 17 
8.8749 62 17 
8.8786 78 17 


12 
13 
12 
13 


8.9628 46 ii 

\^ IS 11 

8.9669 38 ll 


18 
18 
19 

19 




8.7645 52 


2'i 


07 


8.8783 96 17 


12 


8.9682-01 11 


19 




8^7667 74 
B.7688 96 


2*2 

1^1 


07 
08 
03 
08 


8.8799*12 17 
8,8816 29 IT 
8.8333 45 17 
8,3349 m Hi 


13 
13 

13 
13 


8.9696*15 u 
8.9709 39 14 
8.9723 42 13 
8,9736 56 KS 


19 
19 




e.7752 60 


'l\ 


08 


8,8365 73 n. 


13 


8.9750 69 13 


19 




8.7773 81 
8.7794-02 

8:7836 44 


'1\ 
-a 

21 
21 


8^ 
81 


8.8883 95 lo 
8.8E9B''ll 10 
8.8914 27 h; 
8.3930 44 li. 


13 
13 
13 
13 


8.9763 32 i:t 
8.9776 96 13 
8,9789*09 13 
8.9603 23 13 


18 

20 

20 




8,7357 65 


21 


08 


8.8946 60 H.: 


13 


3.9816 36 l;i 


20 




8.7877 86 
8.7898*06 
3.7918 27 
8.7939 47 


21 
2£1 
20 


08 
08 
08 
08 


8.8962 7B ti; 

8.8978 92 Hi 
8.8994^08 10 
8.9010 24 10 


14 
14 
14 
14 


8.9829 49 i:{ 
8,9842 62 \:\ 
8.9355 75 l.:i 
8.9363 38 la 


30 
20 
30 
21 




8,7959 67 


^0 


08 


8,9026 40 16 


14 


8.9381'-01 U 


21 




8.7979 38 
8.7999*08 
8.8019 28 
8.8039 48 


20 

20 
^0 


09 
09 

09 
09 


8.9042 56 It; 
8.9057 71 10 

8,9073 87 Hi 
8-9089*03 10 


14 
14 
14 
14 


8.9394*15 11 

8,9907 28 13 
8.9919 40 K! 
3,99 32 53 1."^ 


21 

21 
21 
21 




8.8059 67 


^0 


09 


8.9104 13 It; 


14 


8-9945 66 1,1 


21 




8,3073 37 
8-8098*07 
8.3117 26 
3.8137 46 


2(1 
10 


09 

09 
09 
09 


8.9119 34 ir» 
3,9135 50 [r, 
8,9150 65 I-, 
8,9166 30 i:. 


16 
15 
15 
15 


8.9953 79 1.^ 
8,9970 92 13 
8.9983*05 13 
8.9996*17 13 


21 
22 
22 
22 




8.3156 65 


10 


09 


3.9181 96 15 


15 


9,0008 30 13 


22 




8.3175 35 
8.8194*04 
8.8213 23 
8.8232 42 


10 

ID 

10 
10 


09 
09 
10 
10 


3.9 196*11 U- 
3.9211 26 L^ 
3.9226 41 ].- 
8.9241 56 ii3 


15 
15 
15 
15 


9,0021 43 13 
9-0033 55 13 

9,0046 63 12 
9.0058 80 \^ 


22 
23 

22 
22 




8.'"8251 61 ID 


10 


8.9256 72 \:-> 


15 


9.0070 93 12 


23 




8.3270 30 
8.8289 99 
8.3307 17 
8,8336 36 


10 
1!) 
10 
\\\ 


10 
10 
10 
10 


8-9271 87 i.-^ 
8.9286*02 15 
8,9301 16 iri 

8.9315 31 13 


16 
16 
IS 
16 


9.0083-05 12 

9.0095*18 12 
9.0107 30 12 
9.0120 43 t2 


23 
23 
23 
23 




3.8345 5d 


10 


10 


8,9330 46 irj 


16 


9.0132 55 12 


23 




3.8363 73 
B.8381 92 
8.8400 10 
8.3413 28 


IH 
IK 


10 
10 
10 
11 


B.9345 61 \h 
3.9359 76 i:^ 
8.9374 90 \T^ 
8.9388*05 \^ 


16 
16 
16 
10 


9.0144 67 12 
9,0156 80 12 
0.0168 92 12 

9.0180''04 12 


23 
23 
24 
24 




8,3436 46 


\ii 


11 


8.9403 20 14 


17 


9.0193*16 12 


24 






uj3ri 1 ...... 1 j^f. 


1 


..„.. 


flStO \ .y.-.^ K.|« 1 


f-Ai* 


*i4o 1 „,ia 1 ..»» 1 


ivai' 


Jl 


.^^^^^ 





Logarithms of Oiroalar Functions. 






^ S Uiii^ 


^ T Itan^ 


^ Isec^ 


^ Isec^ 


6.46 


6.46 


04M> 


0.00 


O^OO'.OOO -00 


O^OO'.OOO -- -» 


0W.000 
0°62'.164 "" 
1°30'.348 "i 


4O20'.701 ,, 
4''30'.918 \l 
4'=>40'.762 ^* 


1051'.479 8.6108 
36 


44'.156 ll 8.1087 
1°40'.556 38 8.4663 
2^i6'.168 j; 8.6948 
2°42'.563 *? 8.6751 
3°05'.969 *; 8.7336 
3^26'.717 *• 8.7796 


2°49'.667 8.6929 


1°66'.634 "^ 


4°60'.271 ^^ 


S<'32'.313 ^^ 8.7904 
4°07'.789 ^ 8.8674 


2°17'.998 Jf 
2°36'.469 ;* 


4°69^477 ^® 
5^08'.407 ^"^ 


4038'.783 ^^ 8.9086 
32 


3^46'.667 ?J 8.8176 
4°02'.964 ** 8.8500 


2°62'.976 rr 
3«08'.038 r! 

3°21'.977 "' 
3«36'.016 "" 
3°47'.300 "^ 


6n7'.084 ^^ 
6^25'.528 ^® 
6033'.758 20 


5'06'.659 8.9498 


4n9'.171 *2 8'8781 


5^32'.201 8.9846 
30 


4034'.427 *; 8.9031 
4<>48'.876 *; 8.9265 
6«02'.628 ?° 8.9458 
5°15'.780 tl 8.9643 
6°28'.401 l^ 8.9815 
6<^40'.550 ll 8.9973 


5°41'.789 21 
5°49'.633 22 


5^66'.913 9.0143 


3°68'.955 J" 


5°57'.305 23 


6n8'.138 9.0406 


4°10'.064 Zt 
4^20'.701 ^^ 


6°04'.814 2* 
e°12'.170 25 




5052'.278 ll 9.0121 








6^03'.623 °3 9.0260 






l8in0 lc8C0 Itan^ lctn0 Isec0 lco8 




6°00' 

6^10' 


9.0192 120 0.9808 


9.0216 122 0.9784 


0.0024 1 9.9976 


84'>00' 

83° 50' 


9.0311 117 0.9689 


9.0336 118 a9664 


0.0025 1 9.9975 


6° 20' 


9,0426 114 0.9674 


9.0453 116 0.9547 


0.0027 1 9.9973 


83° 40' 


603O' 


9.0539 111 0.9461 


9.0567 112 0.9433 


0.0028 1 9.9972 


83° 30' 


8° 40' 


9.0648 108 0.9352 


9.0678 110 0.9322 


0.0029 1 9.9971 


83° 20' 


8^60' 
70 OO' 

7^10' 


9.0755 105 0.9245 


9.0786 107 0.9214 


0.0031 2 9.9969 


83° 10' 

8S<>00' 

82° 50' 


9.0869 103 0.9141 


9.0891 104 0.9109 


0.0032 2 9.9968 


9.0961 100 0.9039 


9.0995 102 0.9005 


0.0034 2 9.9966 


7° 20' 


9.1060 98 0.8940 


9.1096 100 0.8904 


0.0036 2 9.9964 


82° 40' 


7° 30' 


9.1157 96 0.8843 


9.1194 98 0.8806 


0.0037 2 9.9963 


82° 30' 


7° 40' 


9.1252 94 0.8748 


9.1291 96 0.8709 


0.0039 2 9.9961 


82° 20' 


7° 50' 
8°00' 

8° 10' 


9.1345 92 0.8655 


9.1385 94 0.8615 


0.0041 2 9.9959 


82° 10' 
82° OO' 

81° 50' 


9.1436 90 0.8564 


9.1478 92 0.8522 


0.0042 2 9.9958 


9.1525 88 0.8475 


9.1569 90 0.8431 


0.0044 2 9.9956 


8^20' 


9.1612 86 0.8388 


9.1658 88 0.8342 


0.0046 2 9.9964 


81° 40' 


8° 30' 


9.1697 85 0.8303 


9.1745 86 0.8255 


0.0048 2 9.9952 


81° 30' 


8° 40' 


9.1781 83 0.8219 


9.1831 85 0.8169 


0.0050 2 9.9950 


81° 20' 


8° 50' 
90 OO' 

9° 10' 


9.1863 81 0.8137 


9.1915 83 0.8085 


0.0052 2 9.9948 


81° 10' 
81'' OO' 

80° 50' 


9.1943 80 0.8057 


9.1997 82 0.8003 


0.0054 2 9.9946 


9.2022 78 0.7978 


9.2078 80 0.7922 


0.0056 2 9.9944 


90 20' 


9.2100 77 0.7900 


9.2158 79 0.7842 


0.0058 2 9.9942 


80° 40' 


9<»30' 


9.2176 75 0.7824 


9.2236 78 0.7764 


0.0060 2 9.9940 


80° 30' 


9^40' 


9.2251 74 0.7749 


9.2313 76 0.7687 


0.0062 2 9.9938 


80° 20' 


9° 50' 
10<>00' 


9.2324 73 0.7676 


9.2389 75 0.7611 


0.0064 2 9.9936 


80° 10' 
80'>00' 


9.2397 72 0.7603 


9.2463 74 0.7537 


0.0066 2 9.9934 




1 cos e 1 sec e 1 ctn 1 tan 1 esc 1 sin 
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Logarithms of Oiicular Funotions. 



Isin^ lc8c^ Itan^ Ictn^ Isec^ Icos^ 



10° lO' 
10° 20^ 
10° SO' 
10° 40' 

10° eo' 

11° lO' 
11° 20^ 
11° 30' 
11° 40^ 
11° SO' 

WIO' 
12° 20' 
12° 30' 
12° 40' 
12° SC 

IS"" OO' 

13° 10' 
13° 20' 
13° 30' 
13° 40' 
13° 50' 

14|o00' 

14° 10' 
14° 20' 
14° 30' 
14° 40' 
14° 50' 

15'' 00' 



15° 
15° 
15° 
15° 
15° 



10' 
20' 
30' 
40' 
60' 



lO^'OO' 

16° 10' 
16° 20' 
16° 30' 
16° 40' 
16° 60' 

17° OO' 



9.2397 72 0.7603 



9.2468 70 0.7632 
9.2638 69 0.7462 
9.2606 68 a7394 
9.2674 67 0.7326 
9.2740 66 0.7260 



9.3806 66 0.7194 



9.2870 64 0.7130 
9.2934 63 0.7066 
9.2997 62 0.7003 
9.3068 61 0.6942 
9.3119 60 0.6881 



9.3179 59 0.6821 



9.3238 59 0.6762 
9.3296 68 0.6704 
9.3363 67 0.6647 
9.3410 66 0.6690 
9.3466 66 0.6634 



9.3621 65 0.6479 



9.3676 
9.3629 
9.3682 
9.3734 
9.3786 



64 0.6426 
63 0.6371 
63 0.6318 
62 0.6266 
61 0.6214 



9.3837 61 0.6163 



9.3887 60 0.6113 
9.3937 49 0.6063 
9.3986 49 0.6014 
9.4036 48 0.6966 
9.4083 48 0.6917 



9.4130 47 0.6870 



9.4177 47 0.6823 
9.4223 46 0.6777 
9.4269 46 0.6731 
9.4314 46 0.6686 
9.4369 45 0.6641 



9.4403 44 0.6697 



9.4447 44 0.6663 
9.4491 43 0.6609 
9.4633 43 0.6467 
9.4676 42 0.5424 
9.4618 42 0.5382 



9.4669 41 0.6341 



9.2463 74 0.7637 



9.2636 73 0.7464 
9.2609 72 0.7391 
9.2680 71 0.7320 
9.2760 69 0.7260 
9.2819 68 0.7181 



9.2887 67 0.7113 



9.2963 66 0.7047 
9.3020 66 0.6980 
9.3086 65 a6916 
9.3149 64 0.6861 
9.3212 63 0.6788 



9.3276 62 0.6726 



9.3336 61 0.6664 
9.3397 61 0.6603 
9.3468 60 0.6642 
9.3617 69 0.6483 
9.3676 68 0.6424 



9.3634 68 0.6366 



9.3691 67 0.6309 
9.3748 66 0.6262 
9.3804 66 0.6196 
9.3859 65 0.6141 
9.3914 61 0.6086 



9.3968 64 0.6032 



9.4021 63 0.5979 
9.4074 63 0.6926 
9.4127 62 0.6873 
9.4178 62 0.5822 
9.4230 51 0.5770 



9.4281 51 0.5719 



9.4331 50 0.5669 
9.4381 50 0.5619 
9.4430 49 0.5670 
9.4479 49 0.6521 
9.4627 48 0.5473 



9.4576 48 0.6426 



9.4622 
9.4669 
9.4716 
9.4762 
9.4808 



47 0.6378 
47 0.5331 
46 0.5284 
46 0.5238 
46 0.5192 



9.4863 45 0.6147 



0.0066 2 9.9934 



a0069 2 9.9931 
0.0071 2 9.9929 
0.0073 2 9.9927 
0.0076 2 9.9924 
0.0078 2 9.9922 



0.0081 2 9.9919 



0.0083 2 9.9917 
0.0086 3 9.9914 
0.0088 3 9.9912 
0.0091 3 9.9909 
0.0093 3 9.9907 



0.0096 3 9.9904 



0.0099 3 9.9901 
0.0101 3 9.9899 
0.0104 3 9.9896 
0.0107 3 9.9893 
0.0110 3 9.9890 



0.0113 3 9.9887 



0.0116 3 9.9884 
0.0119 3 9.9881 
0.0122 3 9.9878 
0.0126 3 9.9876 
0.0128 3 9.9872 



0.0131 3 9.9869 



0.0134 
0.0137 
0.0141 
0.0144 
0.0147 



3 9.9866 
3 9.9863 
3 9.9859 
3 9.9866 
3 9.9853 



0.0151 3 9.9849 



0.0164 3 9.9846 
0.0167 3 9.9843 
0.0161 4 9.9839 
0.0164 4 9.9836 
0.0168 4 9.9832 



0.0172 4 9.9828 



0.0175 4 
0.0179 4 
0.0183 4 
0.0186 4 
0.0190 4 



9.9825 
9.9821 
9.9817 
9.9814 
9.9810 



0.0194 4 9.9806 



80<'00' 

79° 50' 
79° 40' 
79° 30' 
79° 20' 
79° 10' 

790 OO' 

78° 60' 
78° 40' 
78° 30' 
78° 20' 
78° 10' 

78° OO' 



77° 
77° 
77° 
77° 
77° 



60' 
40' 
30' 
20' 
10' 



77° OO' 



50' 
40' 
30' 
20' 



76° 10' 

76° OO' 

75° 60' 
76° 40' 
75° 30' 
76° 20' 
75° 10' 

75° OO' 

74° 50' 
74° 40' 
74° 30' 
74° 20' 
74° 10' 

74° OO' 

73° 50' 
73° 40' 
73° 30' 
73° 20' 
73° 10' 

73° OO' 



1 cos 1 sec 1 ctn 1 tan 1 esc 1 sin 



Iiogarithms of Oiitmlar Functioiu. 



liiin^ Icsc^ lUn^ Ictn^ Isec^ icos^ 



IT^OO' 



17- 
170 

170 
170 



1(K 
6(K 



I80OO' 



18=^ 

18° 
18° 
18' 



1(K 
2(K 
3(K 
4(K 
6(K 



19°1(K 
19° 2(K 
19° 3(K 
19° 40' 
19° 50' 

20^ 10' 
20° 20' 
20° 30' 
20° 40' 

20° ey 



21° 
21° 
21° 
21° 
21° 



10' 
20' 
30' 
40' 
50' 



22° 10' 
22° 20' 
22° 30' 
22° 40' 
22° 50' 

23° 10' 
23° 20' 
23° 30' 
23° 40' 
23° 50' 



9.4659 41 0.5841 



9.4700 41 0.5300 
9.4741 40 0.5259 
9.4781 40 0.5219 
9.4821 40 0.5179 
9.4861 39 0.5139 



9.4900 38 0.5100 



9.4939 38 0.5061 
9.4977 38 0.5023 
9.5015 38 0.4985 
9.5052 37 0.4948 
9.5090 37 4910 



9.5126 37 0.4874 



9.5163 36 0.4837 
9.5199 36 0.4801 
9.5235 36 0.4765 
9.5270 35 0.4730 
9.5306 35 0.4694 



9.5341 35 0.4659 



9.5375 34 0.4625 
9.5409 34 0.4591 
9.6443 34 0.4557 
9.5477 33 0.4523 
9.5510 33 0.4490 



9.5543 33 0.4457 



9.5576 33 0.4424 
9.5609 32 0.4391 
9.5641 32 0.4359 
9.5673 32 0.4327 
9.5704 32 0.4296 



9.6736 31 0.4264 



9.6767 31 0.4233 
9.5798 31 0.4202 
9.5828 30 0.4172 
9.6869 30 0.4141 
9.5889 30 0.4111 



9.5919 30 0.4081 



9.6948 
9.5978 
9.6007 
9.6036 
9.6065 



30 0.4052 
29 0.4022 
29 0.3993 
29 0.3964 
29 0.3936 



9.6093 28 0.3907 



9.4853 45 0.5147 



9.4898 45 0.5102 
9.4943 44 0.5057 
9.4987 44 0.5013 
9.5031 44 0.4969 
9.5075 43 0.4925 



9.5118 43 0.4882 



9.5161 43 0.4839 
9.6203 42 0.4797 
9.5246 42 0.4755 
9.5287 42 0.4713 
9.5329 41 0.4671 



9.5370 41 0.4630 



9.5411 41 0.4589 
9.5451 40 0.4549 
9.5491 40 0.4509 
9.5531 40 0.4469 
9.5571 40 0.4429 



9.5611 39 0.4389 



9.5650 39 0.4350 
9.5689 39 0.4311 
9.5727 39 0.4273 
9.5766 38 0.4234 
9.5804 38 0.4196 



9.5842 38 0.4158 



9.687^ 38 0.4121 
9.5917 37 0.4083 
9.5954 37 0.4046 
9.6991 37 0.4009 
9.6028 37 0.3972 



9.6064 36 0.3936 



9.6100 36 0.3900 
9.6136 36 0.3864 
9.6172 36 0.3828 
9.6208 36 0.3792 
9.6243 35 0.3757 



9.6279 35 0.3721 



9.6314 35 
9.6348 35 
9.6383 35 
9.6417 34 
9.6462 34 



0.3686 
0.3662 
0.3617 
0.3583 
0.3648 



9.6486 34 0.3614 



0.0194 4 9.9806 



0.0198 4 9.9802 
0.0202 4 9.9798 
0.0206 4 9.9794 
0.0210 4 9.9790 
0.0214 4 9.9786 



a0218 4 9.9782 



0.0222 4 9.9778 
0.0226 4 9.9774 
0.0230 4 9.9770 
0.0235 4 9.9765 
0.0239 4 9.9761 



0.0243 4 9.9757 



0.0248 4 9.9752 
0.0252 4 9.9748 
0.0257 4 9.9743 
0.0261 5 9.9739 
0.0266 5 9.9734 



0.0270 5 9.9730 



0.0275 5 9.9725 
0.0279 5 9.9721 
0.0284 5 9.9716 
0.0289 5 9.9711 
0.0294 5 9.9706 



0.0298 5 9.9702 



0.0303 5 9.9697 
0.0308 6 9.9692 
0.0313 5 9.9687 
0.0318 5 9.9682 
0.0323 5 9.9677 



0.0328 5 9.9672 



0.0333 
0.0339 
0.0344 
0.0349 
0.0354 



5 9.9667 
5 9.9661 
5 9.9656 
5 9.9661 
5 9.9646 



0.0360 5 9.9640 



0.0366 5 9.9635 
0.0371 5 9.9629 
0.0376 5 9.9624 
0.0382 6 9.9618 
0.0387 6 9.9613 



0.0393 6 9.9607 



72° 50' 
72° 40' 
72° 30' 
72° 20' 
72° ly 

71^ 50' 
71^ 40' 
71= 30' 
71° 20' 
71° 10' 

71<' 00 

70° 50' 
70^ 40' 
70^ 30' 
70° 20' 
70° 10' 

7<M>00 



69° 
69° 
69° 
69° 
69° 



50' 
40' 
30' 
20' 
10' 



e9<> 00 



68° 
68° 
68° 
68° 
68° 



50' 
40' 
30' 
20' 
10' 



68<' OO' 



67° 

67° 

67 

67° 

67° 



50' 
40' 
SC 

IC 



66° 50' 
66° 40^ 
66° 30' 
66° 20' 
66° 10' 



1 cos 1 sec 1 ctn 1 tan 1 esc 1 sin 



12 



Logarithms of Oircular Fnnctiona 



Isin^ Icsc^ Itaii^ ictn^ Isec^ lco80 



24<>10' 
24° 20' 
24° 30' 
24° 40' 
24° 50' 

25° lO' 
25° 20' 
25° 30' 
25° 40' 
25° 50' 

26° 10' 
28° 20' 
26° 30' 
26° 40' 
26° 50' 

27° OC 



27* 
2T 
2T 
27* 
27* 



10' 
20' 
30' 
40' 
50' 



28° 10' 
28° 20' 
28° 30' 
28° 40' 
28° 50' 

29° CO' 

29° 10' 
29° 20' 
29° 30' 
29° 40' 
29° 50' 

30° 10' 
30° 20' 
30° 30' 
30° 40' 
30° 50' 

31° OC 



9.6093 28 0.3907 



9.6121 28 0.3879 
9.6149 28 0.3851 
9.6177 28 0.3823 
9.6205 28 0.3795 
9.6232 27 0.3768 



9.6259 27 0.3741 



9.6286 27 0.3714 
9.6313 27 0.3687 
9.6340 26 0.3660 
9.6366 26 0.3634 
9.6392 26 0.3608 



9.6418 26 0.3582 



9.6444 26 0.3556 
9.6470 26 0.3530 
9.6495 25 0.3505 
9.6521 25 0.3479 
9.6546 25 0.3454 



9.6570 25 0.3430 



9.6595 25 0.3405 
9.6620 24 0.3380 
9.6644 24 0.3356 
9.6668 24 0.3332 
9.6692 24 0.3308 



9.6716 24 0.3284 



9.6740 24 0.3260 
9.6763 23 0.3237 
9.6787 23 0.3213 
9.6810 23 0.3190 
9.6833 23 0.3167 



9.6856 23 0.3144 



9.6878 23 0.3122 
9.6901 22 0.3099 
9.6923 22 0.3077 
9.6946 22 0.3054 
9.6968 22 0.3032 



9.6990 22 0.3010 



9.7012 22 
9.7033 22 
9.7055 21 
9.7076 21 
9.7097 21 



0.2988 
0.2967 
0.2945 
0.2924 
0.2903 



9.7118 21 0.2882 



9.6486 34 0.3514 



9.6520 34 0.3480 
9.6553 34 0.3447 
9.6587 33 0.3413 
9.6620 33 0,3380 
9.6654 33 0.3346 



9.6687 33 0.3313 



9.6720 33 0.3280 
9.6752 33 0,3248 
9.6785 33 0.3215 
9.6817 32 0.3183 
9.6850 32 0.3150 



9.6882 32 0.3118 



9.6914 32 0.3086 
9.6946 32 0.3054 
9.6977 32 0.3023 
9.7009 31 0.2991 
9,7040 31 0.2960 



9.7072 31 0.2928 



9.7103 31 0.2897 
9.7134 31 0.2866 
9.7165 31 0.2835 
9.7196 31 0.2804 
9.7226 31 0.2774 



9.7257 30 0.2743 



9.7287 30 0.2713 
9,7317 30 0.2683 
9.7348 30 0.2652 
9.7378 30 0.2622 
9.7408 30 0.2592 



9.7438 30 0.2562 



9.7467 30 0.2533 
9.7497 30 0.2503 
9.7526 29 0.2474 
9.7556 29 0.2444 
9.7585 29 0.2415 



9.7614 29 0.2386 



9.7644 29 
9.7673 29 
9.7701 29 
9.7730 29 
9.7759 29 



0.2356 
0.2327 
0.2299 
0.2270 
0.2241 



9.7788 29 0.2212 



0.0393 G 9.9607 



0.0398 G 9.9602 
0.0404 6 9.9596 
0.0410 6 9.9590 
0.0416 6 9.9584 
0.0421 6 9.9579 



0.0427 6 9.9573 



0.0433 6 9.9567 
0.0439 6 9.9561 
0.0446 6 9.9555 
0.0451 6 9.9549 
0.0457 6 9.9543 



0.0463 6 9.9537 



0.0470 6 9.9530 
0.0476 6 9.9524 
0.0482 6 9.9518 
0.0488 6 9.9512 
0.0495 6 9.9505 



0.0501 6 9.9499 



0.0508 6 9.9492 
0.0514 7 9.9486 
0.0521 7 9.9479 
0.0527 7 9.9473 
0.0534 7 9.9466 



0.0541 7 9.9459 



0.0547 7 9.9453 
0.0554 7 9.9446 
0.0561 7 9.9439 
0.0568 7 9.9432 
0.0575 7 9.9425 



0.0582 7 9.9418 



0.0589 J 9.9411 
0.0596 7 9.9404 
0.0603 7 9.9397 
0.0610 7 9.9390 
0,0617 7 9.9383 



0.0625 7 9.9375 



0.0632 7 
0.0639 7 
0.0647 7 
0.0654 7 
0.0662 8 



9.9368 
9.9361 
9.9353 
9.9346 
9.9338 



0.0669 8 9.9331 



66° OO' 

65° 50' 
65° 40' 
65° 30' 
65° 20' 
65° 10' 

65° OO" 

64° 50' 
64° 40' 
64° 30' 
(84° 20' 
64° 10' 

64° OO' 



63° 
63° 
63° 
63° 



50' 
40' 
30' 
20' 



63° 10' 

63°0<K 

62° 50' 
62° 40' 
62° 30' 
62° 20' 
62° 10' 

62° OC 

61° 50' 
61° 40' 
61° 30' 
61° 20' 
61° 10' 

61° CO' 

60° 50' 
60° 40' 
60° 30' 
60° 20' 
60° 10' 

60°0<K 

59° 50' 
59° 40' 
59° 30' 
59° 20' 
59° 10' 

59° OC 



Ico8 lsec0 lctn0 ItanO lcsc0 isind 



Lqgarithms of CUxoiiiar FnnotionB. 



Isiiif Ictcf Itatif Ictnf Isecf Icos^ 



810 00' 



31^ 
810 



1(K 
6(K 



3te<»00' 

32^ 1(K 

I 32' 2(K 

32' 3(K 

32^4(K 

I 32^ 6(K 

I 

380 00' 

33° 1(K 
33° 2(K 
33° 3(K 
33°4<K 
33° 6(K 

34° OO' 

34° ICK 
34° 2(K 
34° 3(K 
34° 4(K 
34° 5(K 

3ft<'00' 

35° 1(K 
35° 2(K 
35° 3(K 
35°4(K 
35° 5(K 

36'' OO' 

38° 1(K 
38° 20' 
36° 30^ 
36^ 40^ 
36° 50' 

STC'OO' 

37° 10' 
37° 20^ 
37= 30' 
37° 40' 
37° 50' 

SS^'OO' 



9.7118 21 a2882 



9.7139 21 0.2861 
9.7160 21 a2840 
9.7181 21 0.2819 
9.7201 20 0.2799 
9.7222 20 0.2778 



9.7242 20 0.2768 



9.7262 20 0.2738 
9.7282 20 0.2718 
9.7302 20 0.2698 
9.7322 20 0.2678 
9.7342 20 0.2668 



9.7361 19 0.2639 



9.7380 19 a2620 
9.7400 19 0.2600 
9.7419 19 a2681 
8.7438 19 a2662 
9.7457 19 a254d 



9.7476 10 0.2624 



9.7494 
9.7513 
9.7631 
9.7550 
9.7668 



19 0.2506 
18 0.2487 
18 0.2469 
18 0.2460 
18 0.2432 



9.7586 18 0.2414 



9.7604 18 0.2396 
9.7622 18 0.2378 
9.7640 18 0.2360 
9.7667 18 0.2343 
9.7676 17 0.2325 



9.7692 17 0.2308 



9.7710 17 0.2290 
9.7727 17 0.2273 
9.7744 17 0.2256 
9.7761 17 0.2239 
9.7778 17 0.2222 



9.7795 17 0.2205 



9.7811 
9,7828 
9.7844 
9.7861 
9.7877 



17 0.2189 
17 0.2172 
16 0.2156 
16 0.2139 
16 0.2123 



9.7893 16 0.2107 



9.7788 29 a2212 0.0669 8 9.9331 



9.7816 29 0.2184 
9.7846 28 0.2155 
9.7873 28 a2127 
9.7902 28 a2098 
9.7980 28 0.2070 



9.7958 28 0.2042 



9.7986 28 0.2014 
9.8014 28 0.1986 
9.8042 28 0.1958 
9.8070 28 ai930 
9.8097 28 ai903 



9.8125 28 0.1876 



9.8163 28 0.1847 
9.8180 28 ai820 
9.8208 27 0.1792 
9.8236 27 0.1765 
9.8263 27 0.1737 



9.8290 27 0.1710 



9.8317 27 0.1683 
9.8344 27 0.1666 
9.8371 27 0.1629 
9.8398 27 0.1602 
9.8425 27 0.1676 



9.8462 27 0.1648 



9.8479 27 0.1521 
9.8506 27 0.1494 
9.8533 27 0.1467 
9.8559 27 0.1441 
9.8586 27 0.1414 



9.8613 27 0.1387 



9.8639 27 0.1361 
9.8666 26 0.1334 
9.8692 26 0.1308 
9.8718 26 0.1282 
9.8745 26 0.1255 



9.8771 26 0.1229 



9.8797 
9.8824 
9.8850 
9.8876 
9.8902 



26 0.1203 
26 0.1178 
26 0.1150 
26 0.1124 
26 0.1098 



9.8928 26 0.1072 



*»°00' 



0.0677 8 9.9325 
a0686 8 9.9315 
a0692 8 9.9308 
a0700 H 9.9300 
a0708 8 9.9292 



a0716 8 9.9284 



0.0724 8 9.9276 
a0732 8 9.9268 
0.0740 8 9.9260 
0.0748 8 9.9252 
0.0756 8 9.9244 



a0764 8 9.9236 



a0772 8 9.9228 
a0781 8 9.9219 
0.0789 8 9.9211 
a0797 8 9.9203 
0.0806 8 9.9194 



0.0814 9 9.9186 



0.0823 9 9.9177 
0.0831 9 9.9169 
0.0840 9 9.9160 
0.0849 9 9.9151 
0.0858 9 9.9142 



a0866 9 9.9134 



0.0876 9 9.9125 
0.0884 9 9.9116 
0.0893 9 9.9107 
0.0902 9 9.9098 
0.0911 9 9.9089 



0.0920 9 9.9080 



0.0930 9 9.9070 
0.0939 9 9.9061 
0.0948 9 9.9052 
0.0958 9 9.9042 
0.0967 9 9.9033 



0.0977 10 9.9023 



0.0986 
0.0996 
0.1006 
0.1016 
0.1025 



10 9.9014 
10 9.9004 
10 9.8995 
10 9.8985 
10 9.8975 



0.1035 10 9.8965 



68=» 
58^ 
58° 
68^ 



50' 
40' 
30' 
20' 



58° 10' 
*»° OO' 



57^ 
57- 
67° 
57° 



SO' 
40^ 
SO' 
20' 



57° 10' 

57° OO' 

66° 5(K 
56° 40' 
56° 30' 
be"" 20' 
56° IC 

5e<'oo' 

55° b(y 
55° 4^ 
55° 30' 
56° 20' 
55° 10' 

*5° OO' 

54° 50' 
54° 40' 
64° 30' 
54° 20' 
64° 10' 

&4L^ OO' 

63° 50' 
53° 40' 
53° 30' 
53° 20' 
53° 10' 

53'' OO' 

52° 50' 
52° 40' 
52° 30' 
52° 20' 
52° 10' 

5^0 00' 



lco8 IsecB lctn0 Itantf lcsc0 Isina 
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LogaritlunB of Oironlar FunGtioii& 



*8in^ lesc^ Itan^ Ictn^ Isec^ Icos^ 



SS^'OO' 



38° 
38= 
38° 
38° 
38° 



1(K 
2(K 
3(K 
W 
6(K 



SO'' 00' 

39°1(K 
39°2(K 
39° 3(K 
39° 4(K 
39° 5(K 

40''00' 

40° lO' 
40° 20^ 
40° 30^ 
40° 40^ 
40° 50^ 

41'' OO' 

41° lO' 
41° 20^ 
41° 30^ 
41° 40' 
41° 50^ 

41^0 00' 

42° W 
42° 20' 
42° 30^ 
42° 40^ 
42° b(/ 

43<'00' 

43° lO' 
43° 20^ 
43° 30^ 
43° 40^ 
43° 60' 

44'' 00' 

44° lO' 
44° 20^ 
44° 30^ 
44° 40^ 
44° BO' 

45° OO' 



9.7893 16 a2107 



9.7910 16 0.2090 
9.7926 16 a2074 
9.7941 16 0.2059 
9.7957 16 0.2043 
9.7973 16 a2027 



9.7989 16 0.2011 



9.8004 16 0.1996 
9.8020 15 0^980 
9.8035 15 0.1965 
9.8050 15 0.1950 
9.8066 15 0.1934 



9.8081 15 0.1919 



9.8096 15 0.1904 
9.8111 15 0.1889 
9.8125 15 0.1875 
9.8140 15 0.1860 
9.8155 15 0.1845 



9.8169 15 0.1831 



9.8184 14 0.1816 
9.8198 U 0.1802 
9.8213 14 0.1787 
9.8227 14 0.1773 
9.8241 14 0.1759 



9.8255 14 0.1745 



9.8269 14 0.1731 
9.8283 14 0.1717 
9.8297 14 0.1703 
9.8311 14 0.1689 
9.8324 14 0.1676 



9.8338 14 0.1662 



9.8351 13 0.1649 
9.8365 13 0.1635 
9.8378 13 0.1622 
9.8391 13 0.1609 
9.8405 13 0.1595 



9.8418 13 0.1582 



9.8431 13 0.1669 
9.8444 13 0.1556 
9.8457 13 0.1543 
9.8469 13 0.1531 
9.8482 13 0.1518 



9.8495 13 0.1505 



9.8928 26 0.1072 



9.8954 26 0.1046 
9.8980 26 0.1020 
9.9006 26 0.0994 
9.9032 26 0.0968 
9.9058 26 0.0942 



9.9084 26 0.0916 



9.9110 
9.9135 
9.9161 
9.9187 
9.9212 



26 0.0890 
26 0.0865 
26 0.0839 
26 0.0813 
26 0.0788 



9.9238 26 0.0762 



9.9264 26 0.0736 
9.9289 26 0.0711 
9.9315 26 0.0685 
9.9341 26 0.0669 
9.9366 26 0.0634 



9.9392 26 0.0608 



9.9417 25 0.0583 
9.9443 25 0.0557 
9.9468 25 0.0532 
9.9494 25 0.0506 
9.9519 25 0.0481 



9.9544 25 0.0456 



9.9570 25 0.0430 
9.9595 25 0.0405 
9.9621 25 0.0379 
9.9646 25 0.0354 
9.9671 25 0.0329 



9.9697 25 0.0303 



9.9722 25 0.0278 
9.9747 25 0.0253 
9.9772 25 0.0228 
9.9798 25 0.0202 
9.9823 25 0.0177 



9.9848 25 0.0152 



9.9874 25 0.0126 
9.9899 25 0.0101 
9.9924 25 0.0076 
9.9949 25 0.0061 
9.9975 25 0.0025 



0.0000 25 0.0000 



0.103610 98965 



ai046 10 9.8955 
0.1055 10 9.8945 
0.106510 9.8935 
0.1076 10 9.8926 
0.1085 10 9.8915 



ai095 10 9.8905 



ail06 10 9.8896 
0.1116 10 9.8884 
0.1126 10 9.8874 
0.1136 10 9.8864 
0.1147 11 9.8853 



0.1157 11 9.8843 



0.1168 11 9.8832 
0.1179 11 9.8821 
0.1190119.8810 
0.1200 11 9.8800 
0.1211 11 9.8789 



0.1222 11 9.8778 



0.1233 11 9.8767 
0.1244119.8756 
0.1255 11 9.8745 
0.1267 11 9.8733 
0.1278 11 9.8722 



0.1289119.8711 



0.1301 11 9.8699 
0.1312 12 9.8688 
0.132412 9.8676 
0.133512 9.8666 
0.134712 9.8663 



0.1359 12 9.8641 



0.1371 12 9.8629 
0.1382 12 9.8618 
0.139412 9.8606 
0.1406 12 9.8594 
0.1418 12 9.8582 



0.1431 12 9.8569 



0.1443 12 9.8567 
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1311 64 


2258 35 


9050 19 


0.12 


6.859 


669 


0.62 


33.444 478 


1.12 


1365 CI 


2203 35 


9072 19 


0.13 


7.428 


668 


0.63 


33.921 476 


1.13 


1410 54 


2320 36 


9090 18 


014 
0.15 


7.995 


567 


0.64 
0.65 


34395 473 


1.14 
1.15 


1472 53 


2364 36 


9108 IS 


8.562 


667 


34.867 470 


1525 53 


2399 36 


9126 18 


0.16 


9.128 


666 


0.66 


35.336 467 


1.16 


1578 63 


2435 36 


9144 17 


0.17 


9.694 


666 


0.67 


35.802 466 


1.17 


163163 


2470 36 


9161 17 


0.18 


10.258 


664 


0.68 


36.265 462 


1.18 


1684 52 


2506 36 


9177 17 


0.19 
O.SO 


10.821 


663 


0.69 
0.70 


36.726 469 


1.19 

1.2^ 


1736 52 


2542 36 


9194 16 


11.384 


562 


37.183 466 


1788 62 ; 2578 36 


9210 16 


0.21 


11.946 


661 


0.71 


37.638 454 


1.21 


1840 62 


2615 C3 


9226 IG 


0.22 


12.505 


669 


0.72 


38.091 461 


1.22 


1892 62 


2651 3G 


9241 16 


0.23 


13.063 


668 


0.73 


38.540 448 


1.23 


1944 52 


2688 37 


9256 15 


0.24 
0.35 


13.621 


557 


0.74 
0.75 


38.987 446 


1.24 
1.35 


1995 61 


2724 37 


9271 15 


14.177 


556 


39.431 443 


2046 51 


276137 


9285 14 


0.26 


14.732 


554 


0.76 


39.872 440 


1.26 


2098 61 


2798 37 


9300 14 


0.27 


15.285 


553 


0.77 


40.310 437 


1.27 


2148 51 


2835 37 


9314 14 


0.28 


15.837 


651 


0.78 


40.746 434 


1.28 


2199 51 


2872 37 


9327 14 


0.29 
0.30 


16.388 


550 


0.79 
0.80 


41.179 431 


1.29 
1.30 


2250 51 


2909 37 


9341 13 


16.937 


548 


41.608 428 


2300 50 


2947 37 


9354 13 


OSl 


17.484 


646 


0.81 


42.035 426 


1.31 


2351 50 


2984 38 


9367 13 


0.32 


18.030 


545 


0.82 


42.460 423 


1.32 


240160 


3022 38 


9379 12 


0.33 


18.573 


643 


0.88 


42.881 420 


1.33 


245150 


3059 38 


9391 12 


0.34 
0.35 


19.116 


541 


0.84 
0.85 


43.299 417 


1.34 
1.35 


2601 50 


3097 38 


9404 12 


19.656 


640 


43.715 414 


2551 50 


3135 38 


9415 12 


0.36 


20.195 


638 


0.86 


44.128 411 


1.36 


2600 60 


3173 38 


9427 11 


0.37 


20.732 


636 


0.87 


44.537 408 


1.37 


2650 49 


3211 38 


9438 11 


0.38 


21.267 


634 


0.88 


44.944 406 


1.38 


2699 49 


3249 38 


9450 11 


0.39 
0.40 


21.800 


632 


0.89 
0.90 


45.348 403 


1.39 
1.40 


2748 49 


3288 38 


9460 11 


22.331 


630 


45.750 400 


2797 49 


3326 38 


9471 11 


0.41 


22.859 


628 


0.91 


46.148 m 


1.41 


2846 49 


3365 3p 


9482 10 


0.42 


23.386 


626 


0.92 


46.544 394 


1.42. 


2896 49 


3403 39 


9492 10 


0.43 


23.911 


524 


0.93 


46.936 391 


1.43 


2944 49 


3442 39 


9502 10 


0.44 
0.45 


24.434 


622 


0.94 
0.95 


47.326 388 


1.44 
1.45 


2993 49 


3481 39 


9512 10 


24.955 


619 


47.713 386 


3041 48 


3520 39 


9522 10 


0.46 


25.473 


517 


0.96 


48.097 383 


1.46 


3090 48 


3559 39 


9531 9 


0.47 


25.989 


516 


0.97 


48.478 380 


1.47 


3138 48 


3598 39 


9540 9 


0.48 


26.503 


513 


0.98 


48.857 377 


1.48 


3186 48 


3637 39 


9549 9 


0.49 
0.50 


27.015 


510 


0.99 
1.00 


49.232 374 


1.49 
1.50 


3234 48 


3676 30 


9558 9 


Q7.RQA 


lutfi 


AQ.flOR S71 


<l«2fta da. 


S71 R 30 


QRR7 9 







LogarithiDB of Hyperbolio 


Ftinoti<m& 




X 


IShx AChx I Thar 


X 


iShx ICIix ITlix 




O. 


o. 


9. 




O. 


O. 


9. 


1.50 


3282 46 


3715 39 


9567 9 


S.OO 


5595 46 


6764 42 


9841 3 


1.51 


3330 48 


3754 39 


9576 8 


2.01 


5640 46 


5796 42 


9844 3 


1.62 


3378 48 


3794 »» 


9584 8 


2.02 


5685 45 


6838 42 


9847 3 


1.63 


3426 48 


3833 40 


9692 8 


2.03 


5730 45 


6880 42 


9850 3 


1.64 
1.55 


3474 48 


3873 40 


9601 8 


2.04 
S.05 


5775 46 


5922 42 


9853 3 


3521 48 


3913 40 


9608 8 


5820 45 


5964 42 


9856 3 


1.56 


3569 47 


3962 40 


9616 8 


2.06 


5865 45 


6006 42 


9859 3 


1.57 


3616 47 


3992 40 


9624 8 


2.07 


5910 45 


6048 42 


9862 3 


1.58 


3663 47 


4032 40 


9631 7 


2.08 


5955 45 


6090 42 


9864 3 


1.59 
1.60 


3711 47 


4072 40 


9639 7 


2.09 
3.10 


6000 45 


6132 42 


9867 3 


3758 47 


4112 40 


9646 7 


6044 45 


6175 42 


9870 3 


1.61 


3805 47 


4152 40 


9653 7 


2.11 


6089 45 


6217 42 


9872 3 


1.62 


3852 47 


4192 40 


9660 7 


2.12 


6134 45 


6259 42 


9875 3 


1.63 


3899 47 


4232 40 


9666 7 


2.13 


6178 45 


6301 42 


9877 2 


1.64 
1.65 


3946 47 


4273 40 


9673 7 


2.14 
2.15 


6223 45 


6343 42 


9880 2 


3992 47 


4313 40 


9679 6 


6268 45 6386 42 


9882 2 


1.66 


4039 47 


4363 40 


9686 6 


2.16 


6312 45 6428 42 


9884 2 


1.67 


4086 47 


4394 40 


9692 6 


2.17 


6367 45 6470 42 


9887 2 


1.68 


4132 47 


4434 41 


9698 6 


2.18 


6401 45 6512 42 


9889 2 


1.69 
1.70 


4179 46 


4475 41 


9704 6 


2.19 

s.so 


6446 45 6565 42 


9891 2 


4225 46 4515 41 


9710 6 


6491 45 


6597 42 


9893 2 


1.71 


4272 46 


4556 41 


9716 6 


2.21 


6635 44 


6640 42 


9895 2 


1.72 


4318 46 


4597 41 


9721 6 


2.22 


6580 44 


6682 42 


9898 2 


1.73 


4364 46 


4637 41 


9727 5 


2.23 


6624 44 


6724 42 


9900 2 


1.74 
1.75 


4411 46 


4678 41 


9732 6 


2.24 
2.25 


6668 44 


6767 42 


9902 2 


4457 46 


4719 41 9738 5 


6713 44 


6809 42 


9904 2 


1.76 


4503 46 


4760 41 


9743 6 


2.26 


6757 44 


6852 42 


9905 2 1 


1.77 


4549 46 


4801 41 


9748 5 


2.27 


6802 44 


6894 43 


9907 2 


1.78 


4595 46 


4842 41 


9753 5 


2.28 


6846 44 


6937 43 


9909 2 ! 


1.79 
1.80 


4641 46 


4883 41 


9758 5 


2.29 
2.30 


6890 44 


6979 43 


9911 2 ; 


4687 46 


4924 41 


9763 6 


6935 44 


7022 43 


9913 2 1 


1.81 


4733 46 


4965 41 


9767 5 


2.31 


6979 44 


7064 43 


9914 2 ' 


1.82 


4778 46 


5006 41 


9772 6 


2.32 


7023 44 


7107 43 


9916 2 


1.83 


4824 46 


5048 41 


9776 4 


2.33 


7067 44 


7150 43 


9918 2 


1.84 
l.§5 


4870 46 


5089 41 


9781 4 


2.34 
2.35 


7112 44 


7192 43 


9919 2 


4915 46 


5130 41 


9785 4 


7156 44 


7235 43 


9921 2 


1.86 


4961 46 


5172 41 


9789 4 


2.36 


7200 44 


7278 43 


9923 2 1 


1.87 


5007 46 


5213 41 


9794 4 


2.37 


7244 44 


7320 43 


9924 2 


1.88 


5052 46 


5254 41 


9798 4 


2.38 


7289 44 


7363 43 


9926 1 


1.89 
1.90 


5098 45 


5296 41 


9802 4 


2.39 
2.40 


7333 44 


7406 43 


9927 1 ; 


5143 45 


5337 42 


9806 4 


7377 44 


7448 43 


9929 1 ; 


1.91 


5188 45 


5379 42 


9810 4 


2.41 


7421 44 


7491 43 


9930 1 


1.92 


5^34 45 


5421 42 


9813 4 


2.42 


7465 44 


7534 43 


9931 1 


1.93 


5279 45 


5462 42 


9817 4 


2.43 


7509 44 


7577 43 


9933 1 


1.94 
1.95 


5324 45 


5504 42 


9821 4 


2.44 
2.45 


7553 44 


7619 43 


9934 1 


5370 45 


5545 42 


9824 4 


7597 44 


7662 43 


9936 1 


1.96 


5415 45 


5587 42 


9828 3 


2.46 


7642 44 


7705 43 


9937 1 


1.97 


5460 45 


5629 42 


9831 3 


2.47 


7686 44 


7748 43 


9938 1 


1.98 


5505 45 


5671 42 


9834 3 


2.48 


7730 44 


7791 43 


9939 1 


1.99 
2.00 


5550 45 


5713 42 


9838 3 


2.49 
2.50 


7774 44 


7833 43 


9940 1 


5595 45 


5754 42 


9841 3 


7818 44 


7876 43 


9941 1 
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Logarithms of Hyperbolic Functioii& 



X IShx IChx ITha: 


X 


IShx ICha: 1 TIi r 




O. 


O. 


9. 










3.50 


7818 44 


7876 43 


9941 


3.0 


1.0008 436 


1.0029 432 


9.9978 


2.51 


7862 44 


7919 43 


9943 


3.1 


1.0444 436 


1.0462 433 


9.9982 


2.62 


7906 44 


7962 43 


9944 


3.2 


1.0880 436 


1.0894 433 


9.9986 


2.53 


7950 44 


8005 43 


9945 


3.3 


1.1316 436 


1.1327 433 


9.9988 


2.54 
2.55 


7994 44 


8048 43 


9946 


3.4 
3.5 


1.1761 436 


1.1761 433 


9.9990 


8038 44 


809143 


9947 


1.2186 435 


1.2194 434 


9.9992 


2.56 


8082 44 


8134 43 


9948 


3.6 


1.2621 435 


1.2628 434 


9.9994 


2.57 


8126 44 


8176 43 


9949 


3.7 


1.3056 435 


1.3061 434 


9.9995 


2.58 


8169 44 


8219 43 


9950 


3.8 


1.3491 435 


1.3496 434 


9.9996 


2.59 
2.60 


8213 44 


8262 43 


9951 


3.9 
4.0 


1.3925 435 


1.3929 434 


9.9996 


8257 44 


8305 43 


9952 


1.4360 435 


1.4363 434 


9.9997 


2.61 


8301 44 


8348 43 


9953 


4.1 


1.4796 435 


1.4797 434 


9.9998 


2.62 


8345 44 


839143 


9964 


4.2 


1.5229 434 


1.6231 434 


9.9998 


2.63 


8389 44 


8434 43 


9956 


4.3 


1.5664 434 


1.5665 434 


9.9998 


2.64 
2.65 


8433 44 


8477 43 


9956 


4.4 
4.5 


1.6098 434 


1.6099 434 


9.9999 


8477 44 


8520 43 


9957 


1.6532 434 


1.6633 434 


9.9999 


2.66 


852144 


8563 43 


9958 


4.6 


1.6967 434 


1.6968 434 


9.9999 


2.67 


8564 44 


8606 43 


9958 


4.7 


1.7401 434 


1.7402 434 


9.9999 


2.68 


8608 44 


8649 43 


9959 


4.8 


1.7836 434 


1.7836 434 


9.9999 


2.69 
2.70 


8652 44 


8692 43 


9960 


4.9 
5.0 


1.8270 434 


1.8270 434 


0.0000 


8696 44 


8735 43 


9961 


1.8704 434 


1.8705 434 


0.0000 


2.71 


8740 44 


8778 43 


9962 


5.1 


1.9139 434 


1.9139 431 


0.0000 


2.72 


8784 44 


8821 43 


9962 


6.2 


1.9573 434 


1.9573 434 


0.0000 


2.73 


8827 44 


8864 43 


9963 


5.3 


2.0007 434 


2.0007 434 


0.0000 


2.74 
2.75 


887144 


8907 43 


9964 


5.4 
5.5 


2.0442 434 


2.0442 434 


0.0000 


8915 44 


895143 


9965 


2.0876 434 


2.0876 434 


0.0000 


2.76 


8959 44 


8994 43 


9966 


6.6 


2.1310 434 


2.1310 434 


0.0000 


2.77 


9003 44 


9037 43 


9966 


5.7 


2.1744 434 


2.1745 434 


0.0000 


2.78 


9046 44 


9080 43 


9967 


5.8 


2.2179 434 


2.2179 m 


0.0000 


2.79 
2.80 


9090 44 


9123 43 


9967 


5.9 
6.0 


2.2613 434 


2.2613 434 


0.0000 


9134 44 


9166 43 


9968 


2.3047 4343 


2.3047 4343 


0.0000 


2.81 


9178 44 


9209 43 


9969 


7.0 


2.7390 4343 


2.7390 4343 


0.0000 


2.82 


922144 


9252 43 


9969 


8.0 


3.1733 4343 


3.1733 4343 


0.0000 


2.83 


9265 44 


9295 43 


9970 


9.0 


3.6076 4343 


3.6076 4313 


0.0000 


2.84 
2.85 


9309 44 


9338 43 


9970 


lO.O 


4.0419 4343 


4>0419 4343 


0.0000 


9353 44 


9382 43 


9971 






2.86 
2.87 
2.88 
2.89 


9396 44 
9440 44 
9484 44 
9527 44 


9425 43 
9468 43 
951143 
9554 43 


9972 
9972 
9973 
9973 


logS 
Sh-ifi 


For higher values: 
hx=logChT = r/i*— 0.301030; 
I = Ch-iu = (log H + 0.3010) M"^. 


n 


nil Pfi'^ n 


2.90 


9571 44 


9597 43 


9974 


2.91 


9615 44 


964143 


9974 


1 


0.434294 


2.302585 


1 


2.92 


9668 44 


9684 43 


9975 


2 


0.868589 


4.605170 


2 


2.93 


9702 44 


9727 43 


9975 


3 


1.302883 


6.907765 


3 


2.94 

2.95 

2.96 


9746 44 


9770 43 


9976 


4 
5 

6 


1.737178 
2.171472 


9.210340 
11.512925 


t 

6 


9789 44 
9833 44 


9813 43 
9856 43 


9976 
9977 


2.605767 


13.815511 


2.97 


9877 44 


9900 43 


9977 


7 


3.040061 


16.118096 


7 


2.98 


9920 44 


9943 43 


9978 


8 


3.474356 


18.420681 


8 


2.99 
3.00 


9964 44 


9986 43 


9978 


9 
10 


3.908650 
4.342945 


20.723266 


9 


1.0008 44 


1.0029 43 


9978 


23.025861 


J 


10 
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Vatunl Bines and OosiiieB. 








f sin^ 008^ 




^ slnf co8^ 




^ tin^ C06^ 




6(K 


.000000 


1.0000 


90° 


7° 

SO' 
40' 
60' 


.1305 
.1334 
.1363 


.9914 
.9911 
.9907 


30' 
20' 
10' 


15° 

i(y 

20' 
30' 
40' 
60' 


.2588 


.9669 


75° 


.002909 
.006818 
.008727 
.011636 
.014644 


1.0000 
1.0000 
1.0000 
0.9999 
0.9999 


60' 
40' 
30' 
20' 
10' 

89° 


.2616 
.2644 
.2672 
.2700 
.2728 


.9662 
.9644 
.9636 
.9628 
.9621 


50' 
40' 
30' 
20' 
10' 

74° 


8° 

20' 
30' 
40' 
60' 


.1392 


.9903 


.1421 
.1449 
.1478 
.1607 
.1636 


.9899 
.9894 
.9890 
.9886 
.9881 


60' 
40' 
30' 
2(y 

i(y 

81° 


1° 

2(K 
30' 
4(K 
5(K 


.017462 


0.9998 


16° 

10' 
20' 
SO' 
40' 
60' 


.2766 


.9613 


.02036 
.02327 
.02618 
.02908 
.03199 


0.9998 
a9997 
a9997 
0.9996 
0.9995 


50' 
40' 
30' 
20' 
10' 


.2784 
.2812 
.2840 
.2868 
.2896 


.9605 
.9696 
.9588 
.9580 
.9572 


50^ 
40' 
SO' 
20' 
10' 

73° 


9° 

10' 
20' 
30' 
40' 
60' 


.1664 


.9877 


.1693 
.1622 
.1660 
.1679 
.1708 


.9872 
.9868 
.9863 
.9858 
.9863 


60' 
40' 
30' 
20' 
10' 

80° 


1(K 
2(K 
3(K 
4(y 
5(K 


.03490 


0.9994 


17° 

lO' 

2(y 

SO' 
40' 
50' 


.2924 1 .9563 


.03781 
.04071 
.04362 
.04653 
.04943 


0.9993 
0.9992 
0.9990 
0.9989 
0.9988 


60' 
40' 
30' 
20' 

i(y 

87° 


.2962 
.2979 
.3007 
.3036 
.3062 


.9555 
.9546 
.9587 
.9628 
.9520 


50' 
40' 
SO' 
20' 
10' 

78° 


10° 

10' 
20' 
30' 
40' 
50' 


.1736 


.9848 


.1766 
.1794 
.1822 
.1861 
.1880 


.9843 
.9838 
.9833 
.9827 
.9822 


60' 
40' 
30' 
20' 
10' 

79° 


3° 

1(K 
2(K 
3(K 
4(K 
5(K 


.05234 10.9986 


IS*" 

10' 
20' 
30' 
40' 
50/ 


.3090 


.9611 


.05524 
.05814 
.06106 
.06396 
.06686 


0.9986 
0.9983 
0.9981 
0.9980 
0.9978 


50' 
40' 
30' 
2(y 


.3118 
.3145 
.3173 
.3201 
.3228 


.9502 
.9492 
.9483 
.9474 
.9465 


40/ 
30' 
20' 
10' 
71° 


11° 

i(y 

20' 
30' 
40' 
50' 


.1908 


.9816 


.1937 
.1066 
.1994 
.2022 
.2051 


.9811 
.9806 
.9799 
.9793 
.9787 


ec 

40' 
30' 
20' 
10' 

78° 


4° 

1(X 
2(K 
3(K 
40/ 
50' 


.06976 10.9976 


19° 

10' 
20' 
30' 
40' 
60' 


.3266 


.9465 


.07266 
.07556 
.07846 
.08136 
.08426 


0.9974 
0.9971 
0.9969 
0.9967 
0.9964 


50' 
40' 
30' 
20' 
10' 

85° 


.3283 
.3311 
.3338 
.3365 
.3393 


.9446 
.9436 
.9426 
.9417 
.9407 


50' 
40' 

3(y 
2(y 

10' 

70° 


12° 

i(y 

2(/ 
30' 
40' 
60' 


.2079 


.9781 


.2108 
.2136 
.2164 
.2193 
.2221 


.9776 
.9769 
.9763 
.9757 
.9750 


50' 
40' 

30' 

2(y 

10' 
77° 


5° 

10^ 
20' 
30^ 
40^ 
50^ 


.08718 


0.9962 


«o° 

10' 
20' 
30' 
40/ 


.3420 


.9397 


.09005 
.09296 
.09585 
.09874 
.10164 


0.9959 
0.9957 
0.9954 
0.9951 
0.9948 


50' 
40' 
30' 
20' 
10' 

84° 


.3448 
.3475 
.3502 
.3629 
.3657 


.9387 
.9377 
.9367 
.9366 
.9346 


t(y 

40' 

3(y 

20' 
10' 

69° 


13° 

i(y 

20' 
30' 
40' 


.2250 


.9744 


.2278 
.2306 
.2334 
.2363 
.2391 


.9737 
.9730 
.9724 
.9717 
.9710 


50' 
40' 
30' 
20' 
10' 

76° 


6° 

10' 
20' 

3(y 

40' 
50' 


.10453 


0.9945 


81° 

10' 
2(/ 
80' 

60'' 


.3584 


.9336 


.1074 
.1103 
.1132 
.1161 
.1190 


0.9942 
0.9939 
0.9936 
0.9932 
0.9929 


50' 
W 
30' 
20' 
10' 

83° 


.3611 
.3638 
.3665 
.3692 
.3719 


.9325 
.9315 
.9304 
.9293 
.9283 


eo' 

40' 
30' 

2(y 

10' 
68° 


14° 

10' 
20' 
30' 

50' 


.2419 


.9703 


.2447 
.2476 
.2504 
.2532 
.2560 


.9696 
.9689 
.9681 
.9674 
.9667 


60' 
40' 
30' 
20' 
10' 

75° 


70 

10/ 
20' 
30' 


.1219 


0.9925 


88° 

10' 

2(y 

30' 


.3746 


.9272 


.1248 
.1276 
.1305 


0.9922 
0.9918 
0.9914 


50' 
40' 
30' 
82° 


.3773 
.3800 
.3827 


.9261 
.9250 
.9239 


50' 

30' 
67° 


15° 


.2588 


.9659 




cos sin e 




cos sin 6 




COS sin $ 



25? 



Natural Sines and Oosinea 



4> sin f COS tp 




^ siu ^ cos ^ 




^ sin ^ cos ^ 




a2« 

5(K 


.3827 
.3864 
.3881 


.9239 
.9228 
.9216 


30' 
20' 
10' 

67° 


30° 

10' 
20' 
30' 
40' 
50' 


.5000 


.8660 


60° 


37° 

30' 
40' 

50' 


.6088 

.6111 
.6134 


.7934 
.7916 
.7898 




.5025 
.5050 
.5075 
.5100 
.5125 


.8646 
.8631 
.8616 
.8601 
.8587 


50' 
40' 
30' 
20' 
10' 

59° 


30' 
20' 
10' 


«8° 

2(K 
3(K 
40' 
5(K 


.3907 


.9206 


38° 

10' 
20' 
30' 
40' 
60' 


.6157 


.7880 


52< 


.3934 
.3961 
.3987 
.4014 
.4041 


.9194 
.9182 
.9171 
.9159 
.9147 


50' 
40' 
30' 
20' 
10' 

66° 


.6180 
.6202 
.6225 
.6248 
.6271 


.7862 
.7844 
.7826 
.7808 
.7790 


50' 


31° 

10' 
20' 
30' 
40' 
50' 


.6150 


.8572 


40' 


.5175 
.5200 
.5225 
.5250 
.5275 


.8557 
.8542 
.8526 
.8511 
.8496 


50' 
40' 
30' 
20' 
10' 

58° 


30' 
20' 
10' 


24° 
1(K 

30' 
40' 
50' 


.4067 


.9135 


39° 

10' 
20^ 
30' 
40' 
50' 


.6293 


.7771 


51' 


.4094 
.4120 
.4147 
.4173 
.4200 


.9124 
.9112 
.9100 
.9088 
.9076 


50' 
40' 
30' 
20' 
10' 

65° 


.6316 
.6338 
.6361 
.6383 
.6406 


.7753 
.7735 
.7716 
.7698 
.7679 


50' 


32° 

10' 
20' 
30' 
40' 
50' 


.5299 


.8480 


40' 


.5324 
.5348 
.6373 
.5398 
.5422 


.8465 
.8450 
.8434 
.8418 
.8403 


50' 
40' 
30' 
20' 
10' 

57° 


30' 
20' 
10' 


a5° 

10' 
i 20' 
30' 
40' 
50' 


.4226 


.9063 


40° 

10' 
20' 
30' 
40' 
50' 


.6428 


.7660 


50< 


.4253 
.4279 
.4305 
.4331 
.4358 


.9061 
.9038 
.9026 
.9013 
.9001 


50' 
40' 
30' 
20' 
10' 

64° 


.6450 
.6472 
.6494 
.6517 
.6539 


.7642 
.7623 
.7604 
.7585 
.7566 


50' 


33° 

10' 
20' 
30' 
40' 
50' 


.6446 


.8387 


40' 


.5471 
.5495 
.5519 
.5544 
.5568 


.8371 
.8355 
.8339 
.8323 
.8307 


50' 
40' 
30' 
20' 
10' 

56° 


30' 
20' 
10' 


26° 

10' 
20' 
30' 
40' 
50' 


.4384 


.8988 


41° 

10' 
20' 
30' 
40' 
50' 


.6561 


.7547 


49< 


.4410 
.4436 
.4462 
.4488 
.4514 


.8975 
.8962 
.8949 
.8936 
.8923 


50' 
40' 
30' 
20' 
10' 

63° 


.6583 
.6604 
.6626 
.6648 
.6670 


.7528 
.7509 
.74£0 
.7470 
.7451 


50' 


34° 

10' 
20< 
30' 
40' 
50' 


.5592 


.8290 


40' 


.6616 
.5640 
.5664 
.5688 
.5712 


.8274 
.8258 
.8241 
.8225 
.8208 


50' 
40' 
30' 
20' 
10' 

55° 


30' 
20' 
10' 


«7° 

10' 
20' 
30' 
40' 
60' 


.4540 


.8910 


42° 

10' 
20' 
30' 
40' 
60' 


.6691 


.7431 


48< 


.4566 
.4592 
.4617 
.4643 
.4669 


.8897 
.8884 
.8870 
.8857 
.8843 


50' 
40' 
30' 
20' 
10' 
62° 


.6713 
.6734 
.6756 
.6777 
.6799 


.7412 
.7392 
.7373 
.7853 
.7333 


50' 


35° 

10' 
20' 
30' 
40' 
50' 


.5736 


.8192 


40' 


.5760 
.5783 
.5807 
.5831 
.5854 


.8175 
.8158 
.8141 
.8124 
.8107 


50' 
40' 
30' 
20' 
10' 
54° 


80' 
20' 
10' 


28° 

10' 
20' 
30' 
40' 
50' 


.4695 


.8829 


43° 

10' 
20' 
30' 
40' 
50' 


.6820 


.7314 


47 


.4720 
.4746 
.4772 
.4797 
.4823 


.8816 
.8802 
.8788 
.8774 
.8760 


50' 
40' 
30' 
20' 
10' 

61° 


.6841 
.6862 
.6884 
.6905 
.6926 


.7294 
.7274 
.7254 
.7234 
.7214 


50' 


36° 

10' 
20' 
30' 
40' 
50' 


.5878J 


.8090 


40' 


.5901 
.5925 
.5948 
.5972 
.5995 


.8073 
.8056 
.8039 
.8021 
.8004 


50' 
40' 
30' 
20' 
10' 

53° 


30' 
20' 
10' 


29° 

10' 
20' 
30' 
40' 
60' 


.4848 


.8746 


44° 

10' 
20' 
30' 
40' 
50' 


.6947 


.7193 


46< 


.4874 
.4899 
.4924 
.4950 
.4975 


.8732 
.8718 
.8704 
.8689 
.8675 


50' 
40' 
30' 
20' 
10' 

60° 


.6967 
.6988 
.7009 
.7030 
.7050 


.7173 
.7163 
.7133 
.7112 
.7092 


50' 


37° 

10' 
20' 
30' 


.6018 


.7986 


40' 


.6041 
.6065 
.6088 


.7969 
.7951 
.7934 


50' 
40' 
30' 
52° 


30' 
20' 
10' 


30° 


.5000 


•8660 


45° 


.7071 


.7071 


45< 




cos sin e 




cos e sin e e 




cos sin $ 



23 







Natural 


Tangents 


and OotaDgenta 








f tan^ ctn^ 




f taD^ ctn^ 




f taii^ ctn^ 




sex 

5(K 


.000000 




90« 


7° 
SO' 
40' 
50^ 


.1317 
.1346 
.1376 


7.60 
7.43 
7.27 


30' 
20' 
10' 

8«° 


15° 

10' 
20' 
SO' 
40' 
60' 


.2679 


S.732 


75° 


.002909 
.006818 
.008727 
.011636 
.014546 




50' 
40' 
SO' 
20' 
10' 
99^' 


.2711 
.2742 
.2773 
.2806 
.2836 


3.689 
8.647 
3.606 
3.566 
3.526 


50' 
40' 
30' 
20' 
10' 
740 


8° 

10' 
20' 
30' 
40' 


.1405 


7.12 


.1435 
.1465 
.1496 
.1624 
.1554 


6.97 
6.83 
6.69 
6.56 
6.43 


50' 
40' 
SO' 
20^ 
lO' 

81° 


1(K 
2(K 
30' 
4(K 
50^ 


.017456 


57. 


16° 

10' 
20' 
SO' 
40' 
60' 


.2867 


3.487 


.02036 
.02328 
.02619 
.02910 
.03201 


49. 
43. 
38. 
34> 
31. 


50' 
40' 
30^ 
20' 
10' 

88° 


.2899 
.2931 
.2962 
.2994 
.3026 


3.460 
3.412 
3.376 
3.340 
3.306 


50' 
40' 
30' 
20' 
10' 

73° 


9° 

10' 
20' 
80' 
40' 
60' 


.1584 


6.31 


.1614 
.1644 
.1673 
.1703 
.1733 


6.197 
6.084 
5.976 
5.871 
6.769 


60' 
40' 
SO' 
20' 
10' 

80° 


8° 

1(K 
2(K 
3(K 
4(K 
6(K 


.03492 


28.6 


17° 

10' 

2(y 

SO' 
40' 
60' 


.3057 


3.271 


.03783 
.04076 
.04366 
.04668 
.04949 


26.4 
24.5 
22.9 
21.5 
20.2 


50' 
40' 
30' 
20' 
10' 

87° 


.3089 
.3121 
.3153 
.3185 
.3217 


3.237 
3.204 
3.172 
3.140 
3.108 


50' 
40' 
30' 
2(y 
10' 

72° 


10° 

10' 
20' 
30' 
40' 
60' 


.1763 


5.671 


.1793 
.1823 
.1863 
.1883 
.1914 


5.576 
6.486 
5.396 
6.309 
5.226 


60' 
40' 
SO' 
20' 
10' 

79° 


3° 

1(K 
2(K 
3(K 
4(K 
5(y 


.05241 , 19.1 1 


18° 

10' 
20' 
SO' 
40' 
50' 


.3249 1 3.078 


.05533 
.05824 
.06116 
.06408 
.08700 


18.1 
17.2 
16.3 
15.6 
14.9 


50' 
40' 
30' 
20' 
10' 
86° 


.3281 
.3314 
.3346 
.3378 
.3411 


3.047 
3.018 
2.989 
2.960 
2.932 


50' 

30' 
20' 
10' 
71° 


li° 

10' 
20' 
30' 
40' 
50' 


.1944 


5.145 


.1974 
.2004 
.2036 
.2066 
.2095 


5.066 
4.989 
4.916 
4.843 
4.773 


60' 
40' 
SO' 
20' 
10' 

78° 


40 

1(X 
20' 
30^ 
40^ 
SO' 


.06993 1 143 


19° 

10' 
20' 
SO' 
40' 
60' 


.3443 


2.904 


.07285 
.07578 
.07870 
.08163 
.08456 


13.73 
13.20 
12.71 
12.25 
11.83 


50' 
40' 
30^ 
20' 
10' 

85° 


.3476 
.3508 
.3641 
.3574 
.3607 


2.877 
2.860 
2.824 
2.798 
2.773 


50' 
40' 
SC 
20' 
10' 

70° 


1«° 

10' 
20' 
30' 
40' 
50' 


.2126 


4.705 


.2156 
.2186 
.2217 
.2247 
.2278 


4.638 
4.574 
4.511 
4.449 
4390 


60' 
40' 
SO' 
20' 
10' 

77° 


50 

lO' 
20^ 
30' 
40' 
50' 


.08749 


11.43 


«o° 

10' 
20' 
SO' 
40' 
50' 


.3640 


2.747 


.09042 
.09335 
.09629 
.09923 
.10216 


11.06 
10.71 
10.39 
10.08 
9.79 


50' 
40' 
30' 
20' 
10' 

84° 


.3673 
.3706 
.3739 
.3772 
.3805 


2.723 
2.699 
2.675 
2.651 
2.628 


50' 
40' 
SO' 
20' 
10' 

69° 


13° 

10' 
20' 
30' 
40' 
50' 


.2309 


4331 


.2339 
.2370 
.2401 
.2432 
.2462 


4.275 
4219 
4165 
4.113 
4061 


50' 
40' 
SO' 
20' 
10' 

76° 


6° 

10' 
20' 
30' 
40' 
50' 


.10510 


9.51 


21° 

10' 
20' 
SO' 
40' 
60' 


.3839 


2.605 


.1080 
.1110 
.1139 
.1169 
.1198 


9.26 
9.01 
8.78 
8.56 
8.34 


50' 
40' 
30' 
20' 
10' 

83° 


.3872 
.3906 
.3939 
.3973 
.4006 


2.683 
2.560 
2.539 
2.517 
2.496 


50' 
40' 
30' 
20' 
10' 

68° 


140 

10' 
20' 
30' 
40' 
50' 


.2493 


4011 


.2524 
.2565 
.2586 
.2617 
.2648 


3.962 
3.914 
3.867 
3.821 
3.776 


50' 
40' 
SO' 
20' 
10' 

75° 


70 

10' 
20' 
30' 


.1228 


8.14 


22° 

10' 
20' 
SO' 


.4040 


2.475 


.1257 
.1287 
.1317 


7.95 
7.77 
7.60 


50' 
40' 
30' 
88° 


.4074 
.4108 
.4142 


2.465 
2,434 
2.414 


50' 
40' 
30' 
67° 


15° 


.2679 


3.732 




ctn e tan e B 




ctn0 tan0 




ctn tan 9 e 



24 









^Tatnral Tangents and 


Cbtaagento 






ip tan ip ctn ^ 




^ tau^ ctn^ 




^ tan^ ctn4» 




23° 

3(K 
4(K 
5(y 


.4142 
.4176 
.4210 


2.414 
2.394 
2.376 


3(y 
2(y 
i(y 

67° 

50^ 
40^ 

s(y 
2(y 

66° 


30° 

10' 
20' 
30' 
40' 
50' 


.6774 


1.732 


60° 


37° 

30' 
40' 
50' 


.7673 
.7720 
.7766 


1.303 
1.296 
1.288 


30' 
20' 
10' 

52° 


.5812 
.6861 
.6890 
.5930 
.6969 


1.720 
1.709 
1.698 
1.686 
1.676 


50' 
40' 
30' 
20' 
10' 

59° 


23° 

3(K 
4(y 
5(y 


.4246 


2.356 


38° 

10' 
20' 
30' 
40' 
50' 


.7813 


1.280 


.4279 
.4314 
.4348 
.4383 
.4417 


2.337 
2.318 
2.300 
2.282 
2.264 


.7860 
.7907 
.7954 
.8002 
.8050 


1.272 
1.265 
1.257 
1.250 
1.242 


50' 
40' 
30' 
20' 
10' 

51° 


31° 

10' 
20' 
80' 
40' 
50' 


.6009 


1.664 


.6048 
.6088 
.6128 
.6168 
.6208 


1.653 
1.643 
1.632 
1.621 
1.611 


50' 
40' 
30' 
20' 
10' 

58° 


24° 

1(K 
2(K 
3(K 
4(K 
5(K 


.4462 


2.246 


39° 

10' 
20' 
30' 
40' 
50' 


.8098 


1.235 


.4487 
.4622 
.4667 
.4592 
.4628 


2.229 
2.211 
2.194 
2.177 
2.161 


50^ 
40^ 
30^ 
20' 
lO' 

65° 


.8146 ' 1.228 


50' 
40' 
30' 
20' 
10' 

50° 


32° 

10' 
20' 
^0' 
40' 
50' 


.6249 


1.600 


.8195 
.8243 
.8292 
.8342 


1.220 
1.213 
1.206 
1.199 


.6289 
.6330 
.6371 
.6412 
.6453 


1.690 
1.680 
1.670 
1.560 
1.550 


50' 
40' 
30' 
20' 
10' 

57° 


25° 

3(K 
4(K 
5(K 


.4663 


2.146 


40° 

10' 
20' 
30' 
40' 
50' 


.8391 


1.192 


.4699 
.4734 
.4770 
.4806 
.4841 


2.128 
2.112 
2.097 
2.081 
2.066 


50^ 
40^ 
30^ 
20^ 
ly 

64° 


.8441 
.8491 
.8541 
.8591 
.8642 


1.185 
1.178 
1.171 
1.164 
1.157 


60' 
40' 
30' 
20' 
10' 

49° 


33° 

10' 
20' 
30' 
40' 
50' 


.6494 


1.540 


.6536 
.6577 
.6619 
.6661 
.6703 


1.530 
1.520 
1.511 
1.501 
1.492 


50' 
40' 
30' 
20' 
10' 

56° 


26° 

1(K 
2(K 
3(K 
4(K 
5(K 


.4877 


2.050 


41° 

10' 
20' 
30' 
40' 
50' 


.8693 1 1.150 


.4913 
.4960 
.4986 
.5022 
.5059 


2.035 
2.020 
2.006 
1.991 
1.977 


50^ 
40^ 
30^ 
20' 
lO' 

63° 


.8744 
.8796 
.8847 
.8899 
.8952 


1.144 
1.137 
1.130 
1.124 
1.117 


50' 
40' 
30' 
20' 
10' 

48° 


34° 

10' 
20' 
30' 
40' 
50' 


.6745 


1.483 


.6787 
.6830 
.6873 
.6916 
.6959 


1.473 
1.464 
1.455 
1.446 
1.437 


50' 
40' 
30' 
20' 
10' 

55° 


27° 

l(y 
2(K 
3(K 
4(y 
5(y 


.6096 


1.963 


42° 

10' 
20' 
30' 
40' 
50' 


.9004 


1.111 


.5132 
.5169 
.5206 
.6243 
.5280 


1.949 
1.935 

i.a^i 

1.907 
1.894 


50^ 
40^ 
30' 
20' 
10' 

62° 


.9057 
.9110 
.9163 
.9217 
.9271 


1.104 
1.098 
1.091 
1.085 
1.079 


50' 
40' 
30' 
20' 
10' 

47°| 


35° 

10' 
20' 
30' 
40' 
50' 


.7002 


1.428 


.7046 
.7089 
.7133 
.7177 
.7221 


1.419 
1.411 
1.402 
1.393 
1.385 


50' 
40' 
30' 
20' 
10' 

54° 


28° 

1(K 
2(K 
3(K 
4(K 
5(K 


.6317 


1.881 


43° 

10' 
20' 
30' 
40' 
50' 


.9325 


1.072 


.5354 
.5392 
.5430 
.5467 
.6605 


1.868 
1.855 
1.842 
1.829 
1.816 


BO' 
40' 
30' 
2(y 
10' 
61° 


.9380 
.9435 
.9490 
.9545 
.9601 


1.066 
1.060 
1.054 
1.048 
1.042 


50' 
40' 
30' 
20' 
10' 

46° 


36° 

10' 
20' 
30' 
40' 
50' 


.7265 


1.376 


.7310 
.7355 
.7400 
.7445 
.7490 


1.368 
1.360 
1.351 
1.343 
1.336 


50' 
40' 
30' 
20' 
10' 

53° 


29° 

i(y 

2(K 
3(K 
4(K 
5(K 


.5543 


1.804 


44° 

10' 
20' 
30' 
40' 
50' 


.9657 


1.036 


.5581 
.5619 
.5658 
.5696 
.5735 


1.792 
1.780 
1.767 
1.756 
1.744 


5^ 
40' 
30' 
20' 
10' 

60° 


.9713 
.9770 
.9827 
.9884 
.9942 


1.030 
1.024 
1.018 
1.012 
1.006 


60' 
40' 
30' 
20' 
10' 

45° 


37° 

10' 
20' 
30' 


.7636 


1.327 


.7581 
.7627 
.7673 


1.319 
1.311 
1.303 


50' 
40' 
30' 
52° 


30° 


.5774 


1.732 


45° 


1.0000 


1.000 




ctn tan 




ctn tan 




ctn0 tana I 
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oaeoai 


nta. 








^ sec^ cscip 




4> 8ec4» C8c^ 




^ sec^^ cK3^ 




6(K 


1.0000 ; 


90° 


7° 
30' 
40' 
50' 


1.009 
1.009 
1.009 


7.66 
7.60 
7.34 


SO' 
20' 
10' 

82° 


15° 

10' 
20' 
30' 
40' 
50' 


1.085 


8.864 


75° 


1.0000 
1.0000 
1.0000 
1.0001 
1.0001 




60' 
40' 
30' 
20' 
10' 
SO*' 


1.036 

i.oav 
Loas 

1.039 
1.039 


3.822 
3.782 
3.742 
3.703 
3.665 


5y 
4y 
sy 
2y 
ly 
74° 


8° 

10' 
20' 
SO' 
40' 
50' 


1.01017.19 


1.010 7.04 


50' 
40' 
30' 
20' 
10' 

81° 


1° 

1(K 
2(K 
30' 
4(K 
50' 


1.0002 


67. 


1.011 
1.011 
1.012 
1.012 


6.90 
6.77 
6.64 
6.51 


16° 

10' 
20' 
30' 
40' 
60' 


1.040 


3.628 


1.0002 

1.0003 
1.0003 
1.0004 
1.0005 


49. 
43. 
38. 
34. 
31. 


50' 
40' 
30' 
20' 
10' 

88° 


1.04X 
1.042 
1.043 
1.044 
1.046 


3.592 
3.556 
.^521 
3.487 
3.453 


5y 
4y 
sy 
2y 
ly 

73°l 


9° 

10' 
20' 
30' 
40' 
50' 


1.012 


6.39 


1.013 
1.013 
1.014 
1.014 
1.015 


6.277 
6.166 
6.059 
5.955 
5.855 


50' 
40' 
30' 
20' 
10' 

80° 


lO' 
20^ 
SO' 
40^ 
SO' 


1.0006 


28.7 


ly 

20^ 
40^ 


1.046 


8.420 


1.0007 
1.0008 
1.0010 
1.0011 
1.0012 


26.5 
24.6 
22.9 
21.5 
20.2 


50' 
40' 
30' 
20' 
10' 

87<^ 


1.047 
1.048 
1.040 
1.049 
1.050 


8.388 
3.356 
3.326 
3.295 
3.265 


6y 
4y 
sy 

20' 

ly 

72° 


10° 

10' 
20' 
30' 
40' 
50' 


1.015 


5.759 


1.016 
1.016 
1.017 
1.018 
1.018 


5.665 
5.575 
5.487 
5.403 
5.320 


50' 
40' 
30' 
20' 
10' 

79° 


30 

lO' 
20^ 
SO' 
40' 
50' 


1.0014 1 19.1 


18^^^ 

W 

41/ 

60^ 


1.061 


8.236 


1.0015 
1.0017 
1.0019 
1.0021 
1.0022 


18.1 
17.2 
16.4 
15.6 
15.0 


50' 
40' 
30' 
20' 
10' 

86° 


1.052 
1.053 
1.054 
1.056 
1.057 


8.207 
3.179 
3.152 
3.124 
3.098 


60' 

4y 

30' 

2y 
ly 

71° 


11° 

10' 
20' 
SO' 
40' 
50' 


1.019 


5.241 


1.019 
1.020 
1.020 
1.021 
1.022 


5.164 
5.089 
5.016 
4.945 
4.876 


50' 
40' 
30' 
20' 
10' 

78° 


40 

10' 
20' 
SO' 
40' 
50' 


1.0024 1 14.3 


19° 

ly 

20^ 

ay 
w 


1.058 


3.072 


1.0026 
1.0029 
1.0031 
l.OOSS 
1.0036 


13.76 
13.23 
12.75 
12.29 
11.87 


50' 
40' 
SO' 
20' 
10' 

85° 


1.059 
1.060 
].061 
1.062 
1.063 


3.046 
3.021 
2.996 
2.971 
2.947 


5y 
4y 

SO' 

2y 
ly 
70° 


12° 

10' 
20' 
30' 
40' 
50' 


1.022 


4.810 


1.023 
1.024 
1.024 
1.025 
1.026 


4.745 
4.682 
4.620 
4.560 
4.502 


50' 
40' 

sy 

20' 
10' 

77" 


5° 

IC 
20' 
SO' 
40' 
50' 


1.0038 


11.47 


90^ 

ly 

ay 
4y 
5y 


1.064 


2.924 


1.0041 
1.0043 
1.0046 
1.0049 
1.0052 


11.10 
10.76 
10.43 
10.13 
9.84 


50' 
40' 
SO' 
20' 
10' 
84° 


1.066 
1.066 
1.068 
1.069 
1.070 


2.901 
2.878 
2.855 
2.833 
2.812 


50' 
40' 

sy 
2y 
ly 

69° 


13° 

10' 
20' 
SO' 
40' 
50' 


1.026 


4.445 


1.027 
1.028 
1.028 
1.029 
1.030 


4.390 
4.336 
4.284 
4.232 
4.182 


50^ 
40' 
SO' 
20^ 
lO' 

7«<' 


6° 

10' 
20' 
SO' 
40' 
50' 


1.0055 


9.57 


21» 

IC 

2y 
ay 
4y 
5y 


1.071 


2.790 


1.0058 
1.0061 
1.0065 
1.0068 
1.0072 


9.31 
9.07 
8.83 
8.61 
8.40 


50' 
40' 
SO' 
20' 
10' 

83° 


1.072 
1.074 
1.075 
1.076 
1.077 


2.769 
2.749 
2.729 
2.709 
2.689- 


5y 
4y 
sy 
2y 
ly 

68° 


14° 

10' 
20' 
SO' 
40' 
50' 


l.OSl 


4.134 


1.031 
1.032 
1.033 
1.034 
1.034 


4.086 
4.039 
3.994 
3.950 
3.906 


40^ 
SO' 
20' 
10' 

75° 


7° 

W 
20' 
SO' 


1.0075 


8.21 


22^ 

ly 
2y 
sy 


1.079 


2.669 


1.0079 
1.0082 
1.0086 


8.02 
7.83 
7.66 


50' 
40' 
30' 
82° 


1.080 
1.081 
1.082 


2.650 
2.632 
2.613 


5y 

40' 

sy 

67° 


15° 


1.035 


3.864 


1 




C8C e sec 6 $ 
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lf> 660 CiC^ 




^ sec^ C8c^ 




^ sec CSC ^ 




50' 


1.082 
1.084 
1.085 


2.613 
2.595 
2.577 


30' 
20' 
10' 

67° 


30° 

10' 
20' 
30' 
40' 
50' 


1.155 


2.000 


60° 


37° 

30' 
40' 

50' 


1.260 
1.263 
1.266 


1.643 
1.636 
1.630 


30' 
20' 
10' 

52^ 


1.157 
1.159 
1.161 
1.163 
1.165 


1.990 
1.980 
1.970 
1.961 
1.951 


50' 
40' 
30' 
20' 
10' 

59° 


4(K 
5(K 


1.086j 


2.559 


38° 

10' 
20' 
30' 
40' 
50' 


1.269 1 1.624 1 


].088 
1.089 
1.090 
1.092 
L098 


2.542 
2.525 
2.508 
2.491 
2.475 


50' 
40' 
30' 
20' 
10' 


1.272 
1.275 
1.278 
1.281 
1.284 


1.618 
1.612 
1.606 
1.601 
1.595 


50' 
40' 
30' 
20' 
10' 

51' 


31° 

10' 
20' 
30' 
40' 
50' 


1.167 


1.942 


1.169 
1.171 
1.173 
1.175 
1.177 


1.932 
1.923 
1.914 
1.905 
1.896 


50' 
40' 
30' 
20' 
10' 

58° 


«4o 

2(K 

4(K 
1 5(K 


1.095 


2.459 


39° 

10' 
20' 
30' 
40' 
50' 


1.287 


1.589 


1.096 
1.097 
1j099 
1100 
1J02 


2.443 
2.427 
2.411 
2.396 
2.381 


50' 
40' 
30' 
.20' 
10' 

65° 


1.290 
1.298 
1.296 
1.299 
1.302 


1.588 
1.578 
1.572 
1.567 
1.561 


50' 
40' 
30' 
20' 
10' 
50° 


32° 

10' 
20' 
30' 
40' 
50' 


1.179 


1.887 


1.181 
1.184 
1.186 
1.188 
1.190 


1.878 
1.870 
1.861 
1.853 
1.844 


50' 
40' 
30' 
20' 
10' 

57° 


1 W 
1 40' 

L521 


1.108 


2.366 


40° 

10' 
20' 
80' 
40' 
50' 


1.306 


1.556 


1.105 
1.106 
1.108 
1.109 
1.111 


2.352 
2.337 
2.323 
2.809 
2.295 


50' 
40' 

20' 
10' 

64° 


1.309 
1.312 
1.315 
1.318 
1.322 


1.550 
1.545 
1.540 
1.53e 
1.629 


50' 
40' 
30' 
20' 
10' 

49° 


33° 

10' 
20' 
30' 
40' 
50' 


1.192 


1.836 


1.195 
1.197 
1.199 
1.202 
1.204 


1.828 
1.820 
1.812 
1.804 
1.796 


50' 
40' 
30' 
20' 
10' 

56° 


«6« 

10' 
20' 
SO' 
40' 
60' 


1.113 1 2.281 


"ii^* 

10' 
20' 
80' 
40' 
50' 


1.325 


1.624 


1.114 
1.116 
1.117 
1.119 
L121 


2.268 
2.254 
2.241 
2.228 
2.215 


50' 
40' 
30' 
20' 
10' 

63° 


1.328 
1.382 
1.835 
1.339 
1.342 


1.519 
1.514 
1.509 
1.504 
1.499 


50' 
40' 
30' 
20' 
10' 

48° 


34° 

10' 
20' 
30' 
40' 
50' 


1.206 1 1.788 


1.209 
1.211 
1.213 
1.216 
1.218 


1.781 
1.773 
1.766 
1.758 
1.751 


50' 
40' 
30' 
20' 
10' 

55° 


lO' 
20' 
80' 
40' 
50' 


1.122 


2.203 


42° 
10' 

2(y 

80' 
40' 
50' 


1.346 


1.494 


1.124 
1.126 
1.127 
1.129 
1.131 


2.190 
2.178 
2.166 
2.154 
2.142 


50' 
40' 
30' 
2(y 
10' 
62° 


1.349 
1.353 
1.356 
1.360 
1.364 


1.490 
1.485 
1.480 
1.476 
1.471 


50' 
40' 
30' 
20' 
10' 

47° 


35° 

10' 
20' 
SC 
40' 
50' 


1.221 


1.743 


1.223 
1.226 
1.228 
1.231 
1.233 


1.736 
1.729 
1.722 
1.715 
1.708 


50' 
40' 
SC 
20' 
10' 
54° 


«8° 

10' 
20' 
80' 
40' 


1.133 


2.130 


43° 

10' 
20' 
30' 
40' 
50' 


1.367 


1.466 


1.134 
1.136 
1.138 
1.140 
1.142 


2.118 
2.107 
2.096 
2.085 
2.074 


60' 
40' 
30' 
20' 
10' 

61° 


1.371 
1.375 
1.379 
1.382 
1.386 


1.462 
1.467 
1.463 
r.448 
1.444 


50' 
40' 
30' 
20' 
10' 

46° 


36° 

10' 
20' 
30' 
40' 
50' 


1.236 


1.701 


1.239 
1.241 
1.244 
1.247 
1.249 


1.695 
1.688 
1.681 
1.675 
1.668 


50' 
40' 
30' 
20' 
10' 

53° 


29° 

10' 
20' 
80' 
40' 
50' 


1.143 


2.063 


44° 

10' 
20' 
30' 
40' 
50' 


1.390 


1.440 


1.145 
1.147 
1.149 
1.151 
1.153 


2.052 
2.041 
2.031 
2.020 
2.010 


50' 
40' 
30' 
20' 
10' 

60° 


1.394 
1.398 
1.402 
1.406 
1.410 


1.435 
1.431 
1.427 
1.423 
1.418 


50' 
40' 
30' 
20' 
10' 


37° 

10' 
20' 
30' 


1.252 1 1.662 


1.255 
1.258 
1.260 


1.655 
1.649 
1.643 


50' 
40' 
30' 
52° 


30° 


1,155 


2.000 


45° 


1.414 1.414 1 


45° 




C8C d sec a 6 




CSC d sec 6 e 
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EXPLANATION OF THE TABLES. 



§1. TABLES IN GENERAL. 

a. One quantity is said to be a function of another, when the former 
quantity is regarded as determined by the latter, according to some rule or 
formula. . E. g. 2^, ^x, log x, sin x, log sin x, are all called functions of x. 
A. mathematical table is an orderly arrangement of the values of some 
function for certain selected values of the quantity by which it is regarded 
as determined. The successive values of the latter quantity are assumed 
arbitrarily, and generally at equal intervals ; and this quantity is called the 
argument of the table. Some functions require several independent 
quantities for their determination ; and the corresponding tables are tables 
of several arguments. Thus, a multiplication-table is a table of two 
arguments ; namely, the two factors. 

b. A table may be used in two ways : directly and inversely. Tlie 
direct use of the table consists in finding the value of the function for an 
assumed value of the argument ; the inverse use, in finding the value of the 
argument for an assumed value of the function. 

c. Before beginning to use any table, the student should give attentive 
consideration to its arrangement, and to the best mode of employing it 
with accuracy and ease. Every feature of it should be carefully examined, 
and the explanations which are attached to it should be fully mastered. 
The time thus spent will be time gained, contributing not only to power in 
computation, but also, very materially, to the thorough practical knowledge 
of the nature of the tabuUted functions. 

§2. INTERPOLATION. 

a. Interpolation consists in finding the value of one of the two quan- 
tities, argument and function, for an assumed value of the other quantity, 
lying between two successive tabulated values. Most mathematical tables 
are so constructed as to admit of interpolation by the principle that corre- 
sponding non-tahutated values of the function and argument lie between corresponding 
tabulated values and divide the differences between them in the same ratio. This 
is the principle of proportional parts. Let x^ and x^ be two successive 
tabulated values of the argument of a table, and Mj and U2 the correspond- 




Explanation of the Tables. 

ing values of the function. Then, r^ — Xi and ti^ — m^ are called corre- 
sponding tabular differences. We shall denote tliese differences by A x and 
A M. If, now, r and u are corresponding values of the function and argu- 
ment, of which one is known to lie between the two above-cited tabulated 
values of tlie same quantity, the principle of proportional parts is that if 

Ar 

M = -V - = 1 — M. 
An 

then (to tlie limit of accuracy' belonging to the table) 

A = /lA, A' = m', 

«r, »/ :^ M| -♦- A A M = H.2 A' A U, 

X = jr, -♦- M A .r ^ r.j — fi Ax. 

Thus, the required value of the function or argument may be obtained by 
applying a correction to either of the two tabulated values between 
wliich the required value lies. In computing this correction, the signs of 
the differences employed must be carefully observed. If x, and Tjj are so 
chosen as to make A z positive, A u may be either positive or negative. In 
the former case, the function is said to be increasing ; in the latter, decreasing, 
b. Either of the two formulas given above for finding 11 may be employed, 
in interpolation, in the direct use of the table ; eitlier of the formulas for 
r may be employed in the inverse use of the table. In most tables, Ar = 
one unit in the last numeral place of the tabulated values of x. Hence A is 
composed of thejigures which folloic thai numeral ;Vace in the given non-tabu- 
lated value of the argument, preceded by a decimal-point ; while A' is the 
comftlement of A (that is, can be found by subtracting from 9 each figure of 
A except the last, and subtracting that from 10). The correction for u is, 
therefore, found simply by multiplying the figures in question into A u, and 
pointing off according to the case ; x will be corrected by annexing to X| 

the figures of " ~ "^ or the figures complementary to "^ " . 
A u ' A u 

r. In some of the tables of this collection will be found, set against each 
value of the function, a mmlier in small tgfie, which shows what A u would be 
if the function varied through a whole interval corresponding to Ax at the 
same rate at which it is changing when it passes through the value against 
wliich this number is set. This number may be called the ixite of difference, 
or simply the difference, of «, and may be substituted for A u in the formulas 
of interpolation. But, in that case, we ought to work from the nearest 
tabulated value of x or u; that is, from Xj or «i when A or /* < 0.5, and 
from X.2 or »/._, when A' or / < 0.6. (See examples in the explanation of 
the table of /^/arUhms of Circular Functions. ) . 

d. An interpolated value of the function sftould not Ite earned out beyond the 
last numeral /jlace of the tabulated value from which it is computed ; so that, in 
finding A A u or A' A u, we should reject the decimal part of the product, A u 
1)eing regarded as an integer. Owing to the combination of the figures 
ri'jected in the correction and those omitted in the tabulated value of the 
function, an interpolated value is liable to an error of ± 1 in the last figure. 

30 



Proportional Parts. 

The number of figures annexed lo the tabulated value of the argument, in in- 
verse interpolation, should be less by one than tite numlter of figures contained 
in A u. It is sometimes, indeed, made equal to the latter number (and will 
always be, if Au consists of only one figure) ; but, in that case, the last 
figure must be regarded as uncertain. When the given value of the function 
is the result of computation, of course this uncertainty may extend back to 
earlier figopes. 

e. In taking the correction of either the function or the argument only to 
a certain number of figures, we must observe the following rule, which is 
a universal rule of computation: — 

TTVlienever figures are neglected at the end of a number, if the 
figures neglected amount to more than half a unit in the place of 
the last figure retained, the last figure retained must be increased 
by 1. E. g. 27.528 = 27.63 to the nearest hundredth = 27.5 to the nearest 
tenth ^ 28 to the nearest unit = 80 to the nearest ten. 

/. The various rules of interpolation will be found to be fully exempli- 
fied below, in the explanations of the tables of Logarithms and Logarithms oj 
Circular Functions. 

g. In interpolating in some tables (e. g. in Vlacq's great ten-place table), 
we must have regard to second difiisrences, or differences between differ- 
ences. In this case, we add to the above formulas for u the term 

— i AA'A'^u, 

where A^ u denotes the second difference of u, taken positively when A m is 
increasing. The greatest value of this term is one eighth of A''^ u, so that it 
is insignificant when A*'^ u < 4. In the present tables this term mag always be 
neglected; although it is useful as measuring the extent of error, and may 
occasionally guide the judgment of the computer when the fractional part 
of the correction is equal, or nearly equal, to 0.6. But where such nicety of 
work seems to be called for, it is best to use a table of a larger number 
of places. 

§3. PROPORTIONAL PARTS. 

a. The table of Proportional Parts (folded page) may be used in 
connexion with any other table, as an aid in interpolation. It contains the 
product of every integer from 1 to 100 by every tenth from 0.1 to 0.9. If 
the multiplier consists of one figure in any other numeral place, it is only 
necessary to change the position of the decimal-point in the product. To 
multiply a number of two figures by any decimal whatever, we must find 
the products which correspond to the successive figures of the multiplier, 
and add them together. The decimal part of the result is generally to be 
discarded, and in that case the general rule given above (in § 2, e) must be 
observed. Thus, let it be required to find 0.619 X 37. Looking in the 
column belonging to 37, we find 

0.6 X 37 = 22.2 

0.01 X 37 = 0.37 

0.009 X 37 = 0.333 
•. 0.619 X 37 = 23. 
31. 



Explanation of the Table& 

In like manner, we find 

0^ X 16 - 4, 0.60 X 78 = 48, 0.78 X «» = 64, 

0.96 X 84 « 81, 0.36 X 67 = 21, 0.289 X 61 = 16. 

0.488 X 98 =» 46, 0.874 X 82 == 31, 0.068 X 68 » 4. 

6. This table can also be used inoendy. Thus, let it be required to find, 
to two decimal-places, what part 86 is of 79. Looking in the column of 19, 

we find 

36 

0.4 X 79 = 31.6 
4.4 

0.06 X 79 = 4.74 (the ntartst product) 
86 



•••f«=»«- 






In like manner, we find 






S=-' S=-. 1=-' "=-• 


g = 0... 


11 = 0.301 
37 



A little practice will enable the student to use this table easily and 
rapidly. 

§4. LOGARITHMS. 

a. Denary, or Briggaian, logaritlims, being those employed in actual 
computation, are always referred to, in this collection of tables, when the 
term logarithm is used without qualification. The characteriatic, or 
integral part, of the denary logarithm of a number depends only on the 
position of the first significant figure of the number relatively to the 
units' place, and may be found by a well-known rule ; the mantiaaa, or 
fractional part, depends only on the series of significant figures which com- 
pose the number, and is the only part of the logarithm for which it is 
necessary to employ a table. A table of logarithms is complete, to an 
assigned number of places, if it gives (explicitly or by interpolation) to 
that number of places the mantissa of the logarithm of every possibte 
series of significant figures. Denary logarithms are, in general, incom- 
mensurable numbers, and cannot, therefore, be exactly expressed !■ 
figures. They are variously given, in different tables, to ten, seven, 
six, ^ye, four, and three places of decimals. Four-place logarithms are 
aufiicient for the ordmary purposes of engineering, navigation, the work 
of the physical and chemical laboratory, and many of the subordinate 
computations of astronomy ; and, in most of these cases, are all that the 
accuracy of the data will justify us in using. Seven places are, however, 
needful for the more accurate kinds of astronomical and geodetic work. 

b. If one number is the logarithm of another, the second number is called 
the antUogarlthm of the first. This relation is denoted by the symbol 
log-^ Thus, if M = log X, then x = log-' u. In an ordinary table of 
logarithms, the argument is the antilogarithni, which is tabulated to a 
greater or less number of figures, according to the number of places to 
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which the lograrithm is given, and the Junction is the mantissa of the logi^ 
rithm, which we often speak of simply as the logarithm. 

To find the logarithm of any number. 

c. If the number consists of three siynijicaid Jigures, seek the first two 
significant figures in the first column of the table of lH>garithma (pp. 2, 3), 
and the third at the top of the table. In the line and column thus de- 
termined will be found the mantissa of the required logarithm, printed 
without the decimal-point. Find the characteristic by the rule, and prefix 
it, with the decimal-point, to the mantissa. £. g., log 2870 » 3.4670. If 
the given number has less than three significant figures, fill it out to three 
figures by anexing a zero or zeros. E. g., log 0.36 = log 0.350 =» 9.6441 — 10, 
log 6 = log 6.00 ^ 0.7782. If the number has more titan three significant 
figures, its logarithm must be found by one of the formulas of interpolation 
given above. The rule is : — Find tite logarithm of the Jinl tfiree siynificani 
figures of tite given number and also that of the next foUowing number of three 
figures (1000 following 099); tlien apply to either of these Iwo logarithms a 
correction^ obtaiHed bjf muUiplifing the difference between them by the difference 
between the given number and the threefigure number which corresponds to the loga- 
rithm cliosen to be corrected, and rejecting (with due attention to the rule ^ § 2, 6> 
as many, figures at the end of the product as are contained in the latter difference. 
The table of Proportional Parts may be employed m performing the 
multiplications. Thus, to find log 6668.4. Using the notation of the formu- 
las of interpolation, and remembering that the place of the decimal-point 
in the given number may be 4i8regarded in finding the mantissa of the 
required logarithm, we have 

jr, = 666, U| = mant log Xj = 7628, 

X.2 = 667, 11.2 = mant log x^ = 7636, 

Ax=l, Au= 8; 

80 that log X may be found by eitlier of the following methods : — 

A = 0.84, A All == 6.72 = 7 to units, u = 7628 H- 7 = 7636; 

or, 

A' = 1 — A = 0.16, A'Au = 1.28 = 1 to unita, m = 7636 — 1 = 7636. 

.-. log 5668 4 = 3.7636. 
Let the beginner find the following logarithms by this method : — 

log 69.43 « 1.7740, log 0.0081472 = 7.9110 — 10, 

log 284.8 =2.4646, log 672820 » 6.7681, 

log 0.073748 = 8.8678 — 10, log 0.60167 = 9.7004 — 10, 

log 3.1607 =0.4998, log 99968. =4.9999. 

The interpolated logarithm should never be carried to more than four decimal' 
places, 

d. The work of interpolation may be shortened by using the column of 
proportional parts, marked P. P., on tlie right of the table. In using this 
column, one muat work from the three-figure number nearest to the giver 
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number (in the above example, from 667, not from 666). If the given 
number has only four figures, so that A or \' has only one figure, then the 
correction will be found in the column P. P., under A or A' (according as we 
are workhig from the number below or the number above the given number), 
and in the same line with the logarithm to be corrected. If the given num- 
ber has more than four figures, the correction must be estimated by the 
observation of the corrections which correspond to the figures below and 
above the first figure of A or A^ £. g. 

mant log 2848 » mant log 286 — cor. for .2 ^ 4648 — 3 = 4646 ; 

mant log 66684 » omnt log 667 — cor. for .16 ^ 7636 — 2 = 7634 

In the last case the correction is either 1 or 2, and, since .16 is nearer .20 
than .10, we choose the correction belonging to .20. Larger tables show 
that the mantissa of the required logarithm, to tre places, is 76346; so that 
the value found by the colunm P. P. is here nearly as accurate as that ob- 
tained by computation. There is a slightly greater liability to error when 
we use the column P. P. than when we interpolate by computation ; but the 
disadvantage is generally insignificant. The last figure of an interpolated 
logarithm obtained from any table may always be one unit in error. £. g. : 
the true mant log of 67282 to five places is 76802 ; and this is a case in 
which the column P. P. gives a better result than computation. 

The student is advised now to find all the logarithms ui the above list by 
using the column P. P. 

e. If the fini figure of the given number is 1, it will be found tabulated to four 
figures in pp. 4, 6. The correction for a fifth and following figures may be 
found by the method of interpolation explained in c. As the differences 
are always small on these pages, and the corrections easily computed, tlie 
column P. P. is not here given ; but, to facilitate taking the last difference, 
we have printed at the end of each line, under the heading 10, the first 
logarithm of the following line. Let the student find the following 
logarithms : — 

log 11.737 =1.0696, log 0.00100066 = 7.0003 — 10, 

log 0.15703 = 9.1960 — 10, log 18697. = 4.2694. 

To find the antilogarithm of any logarithm. 

/. It is enough to explain the way of finding the series of significant 
figures which compose the antilogarithm, by means of the mantissa of the 
given logarithm ; the pointing off of the antilogarithm being determined, 
according to rule, by the given characteristic. If the mantissa of the 
given logarithm is contained in the table, the required antilogarithm is at 
once found by inspection. Otherwise, we must resort to the formulas of 
interpolation, which give the following rule : — Find two successive tabulated 
logarithtns (uj and Uj) between which the given logarithm (u) lies; then divide the 
difference between either of these tabulated logarithms and the given logarithm 
(u — U|^ or U2 — u) by the difference between the tabulated logarithms (A ti), carry 
out the quotient to the nearest tenth (that is, to one figure, which may be 0), 
and add it to or subtract it from the antilogarithm (xj or .r^) of the tabulated logarithm 
(uj or U.2) with which the given logarithm has been compared. The antilogarithm 
is always a figure annexed to the three or four tabulated figures of Xy 
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The division should not generally be carried beyond one figure. Even the 
first figure is, in most cases, somewhat uncertain. If the mantissa of the 
given logarithm is less than 3010, pp. 4, 5 should be used. On pp. 2, 3, 
the column P. P. may be employed. 
Let it be required to find log-i 1.5284. We find 

Ml = 6276, xi = 337, m — Uj = 8, m^ — u == 5, 

M2=5289, a:2^338, /x = M^r = ~ = 0.6. ., 

A«= 13, A:r= 1, /i' = ^'Ax = jg = 0.4. . , 

x = 337 -h 0.6 = 338 — 0.4 = 337.6; 
.-. log-i 1.5284 = 33.76. 

More briefly, looking along the line of U2 = 5280 f or 5 = u^ — u in column 
P. P., we find that 5 corresponds to the correction 4, which gives at once 
the required number. In like manner, the student may find 

log-* 1.9165 = 82.32, log-i (5.8760 — 10) = 0.00007517, 

log-i 3.8291 = 6747, log-i (9.5727 — 10) = 0.3738, 

log-i 0.1548 = 1.4283, log-i (8.2731 — 10) = 0.018755. 

g» The convenient usage of making negative characteristics positive, by the 
addition of 10, is followed, throughout the present collection of tables, 
whenever logarithms are printed with their characteristics. This must be 
always understood, though no explicit reference be made to it in the ex- 
planation of the table. 

§5. LOGARITHMS OF 8X7MS AND DIFFERENCES. 

a. This is one form of a table devised by Gauss to facilitate finding the 
logarithm of the sum or difference of two numbers which are themselves 
given only by their logarithms. The argument of the table is any logarithm, 
and may be called logx; the function tabulated is then log {x -\- 1). It 
follows that, if the function is denoted by log x, the argument is log (x — 1). 
The function may be called the Gaussian of the argument, and the argu- 
ment the anti-Gaussian of the function ; and the symbols ® and ®'^ may 
be used to denote these relations. Thus we have 

log (a: -4- 1) = ® log x, log (x — 1) = ®-i log x, 

b. To find the Gaussian of a given logarithm. Seek the character- 
istic of the given logarithm (increased by 10 if negative) at the top of the 
table, and the first two figures of the mantissa in the left-hand column. If 
the third and fourth figures of the mantissa are. zero, the Gaussian will be 
found in the column and line thus determined ; otherwise, it can be obtained 
by the method of interpolation which has been fully explained in § 2. 
In three columns of the table, the rate of difference of the Gaussian is 
printed in small type after the value of the function, and may be used 
instead of the tabular difference of the Gaussian through half the tabular 
interval before and after the value to which it is attached, as explained ir 
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I 2, c, and completely iUuitrated below, in the explanation of the table of 
LiOgarithms of Ciredar Functioiu. The table of Proportional Parts may be 
employed in computing the corrections. Examples : — 

® 1.0900 = 1.1206, & (7.5266 — 10) = 0.0016, 

& 3.8129 = 3.8130, ® (9.6431 — 10) = 0.1682. 

If log X < 6.0000 — 10, log (t 4- 1) = 0.0000 to four places ; 

if log X > 4.0000, log (x -i- 1) = log X to four places. 

c. To find the anti-OauMiian of a given logarithm. Seek, in the 
body of the table, two successive logarithms between which the given 
logarithm lies, and then find the corresponding value of the argument by 
interpolation. Examples : — 

®-» 1.0960 = 1.0697, ®-i 0.1061 = 9.4373 — 10, 

®-i 3.8129 » 3.8128, ®-i 1.0216 » 0.9782. 

d. To find tb0 logarithm of the aom or diSiBrence of tlie aati- 
logaritfama of two given logaritfama. If m and n are two numbers, 

"• + " = "(■7 + 0' "-"""(J-O' 

log (m H- n) := log n H- log ( H 1 ) = log n H- ® log -^, 

log (m — n) = log » H- log (~ — 1^ = log n + OH-i log — . 
Example : — 



a = 4.142, 6 = 


: 2.399; to find 


V(a3H-63)aiid V(a 


«-62). 


log a 
logo^ 


= 0.6172, 
=» 1.2344, 


log 6 
log6« 




= 0.8800, 
= 0.7600, 


1 "* 
^^«1^ 


= 0.4744 ; 








log^ 


= 0.6000, 


a* 
(i^-ilog^ 




= 0.2970, 


log 61 

log (a^ + 6*) 
logV(«*-4-6») 
V(a2H-62) 


= 0.7600, 
= 1.8600, 
= 0.6800, 

= 4.787 ; 


log 63 
log(a2- 

logV(a«- 
V(aa. 


-62) 

-68) 

-62) 


= 0.7600, 
= 1.0670, 
= 0.5286, 
= 3.377. 



§6. CXRCULAR, OR TRIOOKOBflETRIC, FUNCTIOKS: 
NATURAL VALX7E8. 

a. Three tables of the natural values of the trigonometric functions are 
given on pp. 22-27. Each table is broken up into six divisions, and occu- 
pies two pages. The argument is the angle, which is tabulated at intervals 
of lO' from 0° to 90^. Angles in the Jh-st half of the quadrant will be found 
in the left-hand column of the several divisions of the table, and for those 
an^es the names of the functions are to be taken from the top of the pa^e ; 
angles in the second half of the quadrant are to be found in the right-hand 
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column of the table, and for those angles the names of the functions are to 
be taken from the bottom of the page. Tlie angles standing at the right and 
left in the same line are complements of each other ; and the names of the 
/unctions at the top and bottom of the same column are complementary The 
value of any of the functions for a non-tabulated angle, or the value of the 
angle for a non-tabulated value of one of the functions, can be found by 
the method of interpolation explained in § 2. The precepts of § 2, d, e, 
should be observed in computing the corrections. The tabulated values of 
the functions are generally given to four significant figures ; but, in the 
tables of tangents and secants, they are sometimes given to a less number 
of figures (to avoid errors in mterpolation), and are sometimes omitted 
altogether. In these cases the functions can be best found by finding their 
logarithms by the table oi Logarithms of Circular Functions (see § 7), and then 
the numbers corresponding by the table of Logarithms. 

b. To find any function of an angle greater than 90^, we must subtract 
from the given angle the greatest multiple of 90^ which it contains ; if an 
even multiple has been subtracted, we look out the required function of the 
remainder ; if an odd multiple, the complementary function ; and we then 
fix the sign of the function by considering the quadrant in which the given 
an^e lies. For a negative angle, we find the required function of the cor- 
responding positive angle, and then fix its sign by considering the quadrant 
of the angle. 

c. Examples of the use of these tables : — 



sin 770 87' 


rs 


0.9767, tan 63o 04' = 


1.330, 


sec 680 45^ « 


2.759, 


cos I60 19' 


= 


0.9697, ctn S® 18' = 


17.4, 


CSC 560 13' « 


1.217 ; 



sin 2670 37' = —0.9767, tan 93° 18' = —17.4, sec 325o 13' = 1.217, 
C0S168O41' =—0.9597, ctn 323o 04' = -1.830. esc 158o 45' = 2.759; 

sin (—2570 37') = 0.9767, tan (— 93° 18') = 17.4, sec (—325© 13') = 1.217, 
cos (—163® 41') = —0.9597, ctn (--323o 04') = 1.330, esc (— 158046') = —2.769; 

sin-i 0.2000 == 11^ 32' or = I680 28' or = 871® 32', etc., 
cos-i (—0.3642) = 1100 45' or = 249o 16' or = 830® 46', etc., 
tan-M— 4.670) = 102o21'or= 282° 21' or = — 77® 39', etc., 
ctii-> 3163 = 720 27' or = 262° 27' or = — IO70 33', etc., 
■ec-i 5.000 = 780 28' or = -78® 28' or = ±281° 32', etc., 

csc-i (—3.529) = —16® 28' or = 196o 28' or = —163® 32', etc. 

§ 7. LOGARITHMS OF CIRCX7LAR FUNCTIONS. 

To find the logarithm of any circular function of a given angle. 

a. If the angle is less than 6°, the part of the table which occupies the 
upper half of p. 10 may be used. (See also g.) The left-hand division of this 
part of the table gives the values of a logarithm S (the characteristic and 
the first two figures of the mantissa being printed at the head of the 
column), with the angular limits between which each value may be used. 
Thus, for all positive angles less than V* 51'.479, S = 6.4637 ; for all angler 
between lo 51'.479 and 2P 49'.567, S = 6.4636; etc. The next ftdUm 

87 



ExpUnatioQ of the Table& 

division gives, in like nuuuer, the values of a logarithm T. We must find 
the Icgarithm of the angle, reduced to minutes and decimals of a minute, and 
must then apply the formulas : — 

log sin ^ — log (^ in minutes) -i- S — 10, 
log tan ^ = log (^ in minutes) + T — 10. 

The two right-hand divmone of this part of the table give the values of the 
log sec, with the angular limits for each value. The logarithms of the co- 
sine, cotangent, and cosecant are the arithmetical complemenU ( — 10) of the 
logarithms of the secant, tangent, and sine, respectively. Example : — 

1 sin 30 WM = 8.7541, 1 tan 30 15'.23 = 8.7648, 1 sec 3° 16'.23 = 0.0007, 
1 osc 30 16^.23 = 1.2460, 1 ctn 3<' 16^.23 » 1.2462. 1 cos 3o 16^.23 » 9.9903; 

the negative characteristics being here, as in the following examples, made 
positive by the addition of 10. 

b. If the angle is acute and greater than 84^, we must take its complement, 
and then seek the Junction complementary to that required, for the angle thus 
obtained, by the method just expounded. Example : ~ 

1 sin m> 44'.77 = 0.9993, Itan 86<' 44'.77 ^ 1.2462, 1 sec 8do 44'.77 = 1.2469, 
1 CSC 860 44'.77 = 0.0007, 1 ctn 86® 44'.77 = 8.7648, 1 cos 860 44'.77 = 8.7641. 

c. If the angle is contained between 6P and 84°, we use the main part of the 
table, occupying the lower half of p.lOandpp. 11-1& The angle is tabu- 
lated at intervals of lO', from 6° to ^6P in the left-hand column of the table, 
and from 46° to 84° in the righ^hand column. The names of the functions 
are to be taken from the tops of the columns, when the angle is on the left ; 
and from the bottoms of tlie columns, when tlie angle is on the right. The 
angles on the right and left of any line and the nameis at the top and 
bottom of any column have the same reUtion to eacli other as in the tables 
of Natural Values (§6). The true characteristic in the first, third, and sixth 
columns is —1, but is printed 9. The six columns are arranged in pairs. 
The two functions in each pair of columns are reciprocal to each other ; 
and the logarithms are therefore complementary, and their differences are 
equal m value, with opposite signs. Down the middle of each double 
column are printed, in small type, the rates of difference of the logarithms 
in that double column. Each value of this rate may be used in inteipola- 
tion, instead of A a, through half the interval before and after the line on which it 
stands, as stated in § 2, c. Thus, in finding the logarithms of the circular 
functions of any angle between 25° 26' and 25° 36' we work from the values 
corresponding to 25° 30', the nearest tabulated angle ; and compute the cor- 
rections by taking proportional parts of 26, 33, and 6, for the three pairs 
of functions. In applymg the corrections, we must carefully observe, for 
each function, whether the Junction is increasing or decreasing. 

For example, let the logarithms of the circular functions of 26® 27'.4 = 
260 30/ — 02'.6 be requhred. We find 

1 sin 250 30' =9.6340 Itan 26° 30' =9.6786 1 sec 26° SO' =» 0.0446 

0.26X26= 7 0.26X33= 9 0.26x6= 2 

in 25© 27'.4 = 9.6333, 1 tan 25° 27'.4 = 9.6776, 1 sec 25o 27'.4 = 00445 
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Ic«c25o30' =0.3660 Ictn25o30' =0.3216 1 cos 26^30' =9.d566 

7 9 2 

1 C8C 26° 27/.4 = 0.3667, 1 ctn 25° 27^.4 = 0.3224, I cos 25® 27'.4 = 9.9657. 

In like manner, we have 

1 sin 740 46' = 9.9845, 1 tan 74° 46' = 0.5649, 1 sec 74«> 46' = 0.5804. 
1 CSC 740 46f = 0.0155, 1 ctn 74© 46' = 9.4361, 1 cos 74© 46' = 9.4196. 

c/. If the angle is greater than 90^, or negative, we must use the method 
explained in § 6, b, for the tables of Natural Values of the circular func- 
tions. When the natural value of a circular function is negative, this 
should be indicated by writing the letter n after its logarithm. Examples : 

I sin 1050 14' = 9.9845, 1 tan 105<> 14^ = 0.5649 n, 

Isec 1050 14' = 0.5804 n, 

1 CSC 164<> 46' = 0.5804, 1 ctn 164'> 46' = 0.5649 n, 

1 cos 164^46' = 9.9846 n, 

1 sin (—740 46') = 9.9846 n, I tan (— 106<5 14^) = 0.5649, 

1 cos (—3940 4Q>) = 9.4196. 

Oiven the logarithm of any circular function, to find the value 
of the corresponding angle. 

e. If the given logarithm lies vntliout the limits of the main part of the Uible, 
the upper part of p. 10 may be used. If the given logarithm is a log sin 
less than 9.0192, or a log tan less than 9.0216, subtract from it the proper value 
of S or T (or add the arithmetical complement), and the remainder is the 
log of the required angle in minutes. The limiting values of the log sin 
and log tan for each value of S and T are given in the table. If the given 
log is a log esc greater than 0.9808, or a Zo^f ctn greater than 0.9784^ its arith- 
metical complement will be a log sin less than 9.0192, or a log tan less than 
9.0216. If the given log is Silog sec less than 0.0024, the limits between which 
the required angle lies are given by the table ; the angle may liave any 
value between these limits, and is not therefore very closely determined. 
If the given log is b, log cos greater than 9.9976, its arithmetical complement 
is a log sec lesff than 0.0024. 

If the given log is a log sin, log tan, or log sec greater than 9.9976, 0.9784, or 
0.9808 (respectively), or a log esc, log ctn, or log cos less than 0.0024, 9.0216, or 
0.0192 (respectively), we must change the name of the function to the com- 
plementary name (sin to cos, etc.), find the corresponding angle as above, and 
take the complement of the angle thus found. Examples : — 

(log sin)-i 8.9642 = 6© 09'.8, (log ctn)"i 2.0531 = 0° 30'.42, 
(log ctn)-i 9.0024 = 84© 16'.6, (log sin)-i 9.9983 = 84© 66'±4i^. 

/. If the given logarithm is contained tvithin the limits of the main part of the 
table, the required angle is found by ordinary interpolation ; and we may use 
the printed rate of difference as the value of Au, working in each case 
from the nearest tabulated value. The angle should be found to the 
nearest minute, or, when the difference exceeds 100, to the nearest tenth of 

39 



Eiplaiiatmi of the Tddflik 

mlnttte. But in tiie riglit^Miid pair of oolamni, the Uul flgnre of the angle 
thof found will generally be uncertain. Ezamplet : — 

Let it be repaired to And (log iec)-i0.0643; t.e. the ang^ of which the 
log tec it 0.0648. The nearest tabulated log sec is 0.0647. We have, then, 

(log scc)-» 0.0647 — 80» ay, 14 — « -= 4, Au = 7. y = 0.6, 
.'. (log 8ecH0.004S = 80^80^ — 06'=r80^a4'. 
In like manner, let the student find 

(log star* 9.6663 « 21° 87'. (log ctn)-! 0.0406 = 41» 44^, 

(log COS)-* 9.0188 = 88P 68' or 67', flog sec)-» 0.2272 = 68* 89', 

(log tan)-i 0.7607 = 79^ 66', (log c8c)-» 0.1433 = 46° 68'. 

The angle may also be found by the next foUowmg taUe. 

g. Pp. 8 and may also be used for angles lees than 6° or greater than 84°. 

E.g. 1 sin 4° 08'.4 » &8407, 1 tan 4° 08'.4 » 8.8608, 1 sec 4° 0d'.4 = 0.0011, 

lcsc4° 03'.4 =: 1.1608, 1 etn 4° 08'.4 » 1.1482, 1 cos 4° (^A = 0.9969. 



fa ZNVSR8B ClKCUiaAR F0NCTZOH8. 

a. The table having this heading (pp. 16-18) is a table for finding the 
angle which corresponds to the given logarithm of a circular function. The 
logarithm (increased by 10) is the argumeni of the table, and is to be re- 
garded as 'given to four places of decimals. It is tabulated at intervals of 
0.0100 from 9.0000 to 0.0000 through the first page of the table, then at 
intervals of 0.0010, and in the hut two divisions at intervals of 0.0001. The 
characteristic of the argument is printed at the head of the column. The 
figures supposed to follow the printed figures in the values of the argument 
are zerw. Thus, the first value is 9.0000, the next 9.0100, etc. The angle 
is given, for convenience of interpolation, in degrees and decimals of a 
degree. When found, it is easily reduced to degrees and minutes, if that 
is necessary, and should, in general, be taken on/y to the nearett mmute. The 
angle under the heading sin-* u is that angle of which the corresponding 
value of the argument, log ti, is the log sin ; etc. In mterpolating in this 
table, we may use the printed rate of difference instead of Au, working from 
the nearest tabulated value of the argument, and carefully observing whether 
the tabulated angle ought to be increased or diminished. When the printed 
rate of difference is omitted, this is because the interval is too great to admit 
of accurate interpolation. In this case, we must resort to those later 
divisions of the table in which the argument is tabulated at smaller inter- 
vals. When Uie last Jigure of the tabulated angle is printed in small tgpe, this 
shows that that figure is uncertain, if the logarithm is given to only four 
places ; that is, that there is a possible variation, on each side of the tabu- 
lated angle, as great as half a unit in the place of the figure so printed. 
For example, if log u ^ 9.9000, we find the last figures of sin-* u and cos-* u 
to be printed in small type. Now, seven-place tables show that (log sin)—* 
9.8999600 = 620.681, while (log shi)-* 9.9000600 » 62O.600. But 9.9000 
may represent any logarithm between these ; and hence the corresponding 
angle, in this case, admits a like variation, while cos—* u may have any 
value between 37®.419 and 87°.400. 
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Hyperbolic Functions. 

Neither of these difficulties presents itself in finding an angle from its 
log tan or log etn. If log u = 9.9000, tan-^ u can only vary from 38^.458 
to 380.464. 

The angle found by interpolation should be carried out only to the nearest 
hundredth of a degree^ in any case. The last column of the table shows that 
the angle is not always determined even to the nearest tenth, 

b. If the characteristic of the given logarithm is 0, we must take its arith- 
metical complement^ which will be the logarithm of the reciprocal function of 
the same angle. The angle can then be found by the table. 

c. If the given logarithm is less than 9.0000, or greater than 0.0000, the 
tables in the upper part of p. 10 may be used, as explained in § 7, e ; or pp. 8, 9. 

d. Let us find by this table the angles sought above, in § 7,/. «We have, 
in the case of the first example, 

(log sec)-i 0.0643 = (log co8)-i 9.9367. 
Then the table gives 

(log cos)-i 9.9300 = 300.36, A u = 23, 

0.3 X 0.23 = .07 
.*. Clog cos)-i 9.9367 = 30^.42 = 30© 26'. 

In fact, the limits of the angle are 30<' 24^.2 and 30o 26'.6, the mean value 
being 30^ 24^.9. In this case, the present table gives a better value than the 
other ; but both values are admissible. 
In like manner, we have 

(log sin)-i 9.6663 = 21o.81 — 20 = 21o.61 = 21° 37', 
(logcos)-i 9.9188 = 330.92 + .04 = 330.96 = 83o W, 
(log tan)-» 0.7607 == 79^.92 + .02 = 790.94 = 79© 66', 
(log ctn)-i 0.0496 = 41o.71 4- .03 = 410.74 = 41® 44', 
(log sec)-* 0.2272 = 630.64 4- .02 = 630.66 = 63® 40', 
(log csc)-i 0.1433 = 460.01 — .04 = 460.97 = 46© 68'. 

§ 9. HTPERBOUC FUNCTIONS. 

a. The hyperbolic fonctions are certain functions which bear relations 
to the equihfcteral hyperbola similar to those borne by the circular func- 
tions to the circle ; and they may often be usefully employed both in com- 
putation and in analysis. They are named the hyperbolic sine, cosine, 
tangent, cotangent, secant, and cosecant; and are variously denoted by 
different writers. They are here represented by the symbols : Sh, Ch, Th, 
Cth, Sch, Csch. They may be defined by the following formulas, in which 

G = the exponential base 



1 " 1.2 ^ 1.2.3 ^ 1.2.3.4 ^ 

= 2.7182818286 : — 

Shar = i (6* - 6-'), Chx = i (0« 4- 6-«), Th X = ^, 

^**^* = ThT' Scha:=~-, Cscha:=-i-. 

in^ Cha; Sh 
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Ezplaaation of the TaUes. 

They bear to the circular functions the relations expressed by the following 
formulas, in which i = V — 1 '- — 



Shx -""."■. 




Shxt 

ShiX = ;— , 

1 


Chx« COS jTi, 




COS X = Ch xi, 


-^ tan XI 
Thx- . . 




Thxi 
tanx= — :— , 
I 


Cthar = ictnxi, 




ctnx = iCthxi, 


Sch X = sec ari, 




secx = Schxt, 


Cschx = 1 CSC XI, 




CSC X «= t Csch xt. 


kin, if Is so taken that 






X = nat log 


tan (46<' 


H-i0), 


Sh X = tan ^^ Ch x 


= sec0. 


Csch X = ctn 0, 


Thx = sin 0, Sch x : 


= cos <p, 


Cth X = CSC <p. 



The value of ^ determmed by this formuU has been called by some writers 
the Qadennannlan of x, and denoted by the symbol : gd x. 

6. From x ^ 0.00 to x == 1.00, the function tabulated is gd x in degrees, 
at intervals of 0.01 in the value of x. The hyperbolic functions of x are 
then readily found, by the aid of the formulas last given, from the tables 
of circular functions. Beginning with x == 1 00, log Sh x, log Ch x, and 
log Th X are tabulated, at intervals of 0.01 in the value of x, up to x = 
3.00, the characteristic of each logarithm bemg placed at the head of its 
column ; then at intervals of 0.1 up to x = 6.0; and lastly at intervals of 1 
up to X = 10.0. The printed differences are to be used, as in other tables, 
each tlirough half the interoal before and after the line on which it stands. 

c. If X > 10, log Thx = 0.0000, while log Shx and log Chx may be 
found by the formula and table given at the lower right-hand comer of 
p. 21. The quantity /a is the modulus of the denary system of logarithms ; 
that is, it is the denary logarithm of the exponential base. The values of 
n fi being given for all integral values of n from 1 to 10, any product xfi is 
readily found, by adding together the products of /jl by tlie successive 
figures of X. Only four decimal-figures should be retained in the result 

d. The functions log Cth x, log Sch x, and log Csch x are the arithmetical 
complements of log Th x, log Ch x, and log Sh .r, respectively. 

6. The table may be used both directly and inversely. Examples : — 

log Sh 0.6378 = log tan 290.427 = 9.7613, 

log Ch 1.6280 = 0.3826, 

log Cth 1.8240 = 0.0226, 
log Sh 12.6013 = log Ch 12.6013 = 6.1673, 
(log Ch)-i 1.6000 = 4.377, 
(log Sh)-i 6.0000 = 12.206, 
(log Th)-i 0.9012 = 1.089, 
(log Sch)-A 9.6873 = 1.604, 
(log Csch)-i 0.3924 = gd-i (log tan)-i 9.6076 
= gd-i 220.06 = 0.396. 
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§10. NATURAL LOGARITHMS. 

a. The natural system of logarithms is tliat which is founded on the 
exponential base (see § 0). This nmnber is defined as the limiting value to 
which the expression 

(1 4- .r = \^(1 4- .) 

approaches, as c approaches 0. It is most frequently denoted by the letter 
e ; but, as being one of the few peculiar constants of analysis, it is here 
represented by the symbol 6* which may be read "base." 

The following formulas are proved in treatises on the Differential Cal- 
culus : — 

6 = 1 4- TT 4- To + 



1 ^ 1.2 ^ 1.2.3 ^ 1.2.3.4 ^ "•' 

x^ x^ x^ x^ 
n»tlog(H-x)=x-2- + -3-4- + j-...; 

the second formula being applicable to aU values of x, but the last only 
when X is numerically less than 1. If x is very small, tlien approximately 

6' = 1 4- X, nat log (1 4- x) = X, nat log (1 — x) = — x. 
We also have, in the natural system, 

log (a 4- A)= loga4-log (^1 4- -j = loga 4- -- 2^ 4- g^ - ..., 

provided h is numerically less than a. 
The rale of difference of 6*, for Ax = 1, is always 6*, and that of 

nat log X is — . 

X 

h. The numerical value of 6 or of any power of 6 can be computed, 
to any assigned number of decimal-places, by using a sufficient number of terms 
of the first two series given above. Thus, to find 6 to four decimal-places, 
we proceed as follows, observing that, if any term be divided by its number 
in the series, the next following term is obtained : — 

1) 1.00000 

2) 1.00000 

3) 0.50000 

4) 0.16667 
6) 0.04167 

6) 0.00833 

7) 0.00139 

8) 0.00020 
0.00002 



6 = 2.7183 . 
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Ezplanation of the Tabks. 

c. The modulus of any system of logarithms is the logarithm of Q 
that system. If m is the modulus of a system of which a is the base, th| 

a" =: 6, 6"*"* *= a- 

The modulus of the natural sytUm Usei/iB 1. The values of the modulq 
the denary aytUm and of the reciprocal of that modulus are 

fjL ^ den log 6 = 0.4842944810 . . ., 
/i~i » nat log 10 » 2.9026860030. . . . 

By the rule for converting logarithms from one system to another, 
logarithm of a number in any system may be found by mtdtiplying 
modvUuB of that system into the natural logarithm of the tame number. Thus, 

den log X = II nat log or, 
nat log X ~ 11-^ den log x. 

By the aid of these formulas, the table at the bottom of p. 21 may be ua 
to find the natural logarithm of any number, or the denary logarithnft 
any power of the exponential base, or to find a number from its natui 
logarithm. For example : — 

nat log 72.6 = 1.8603 X z*"^ =- 4. 

nat log 1.0074 = 0.0032 X /*-* = 0.0074, \ 

den log 0^ =^/i =0.0620, ' 

(nat log)-i 10.2108 = (den log)-i (10.2108 X /*) 
= (den log)-i 4.4346 = 27104. 

d. The natural system is so called, because, in the higher mathematics^ 
it is convenient to regard all other systems as founded upon this. It is 
named by some writers hyperbolic, and by others Neperian. But in 
fact, it is not the system of Napier ; n^r has it any other relation to the 
hyperbola than that which belongs to logarithms in general. 

«. We may make the following statement of the relation of logarithms 
and of the hyperbolic functions to the hyperbola, using the notation of 
Analytic Geometry : — 

Let o:^ = 1 be the equation of an hyperbola referred to its asymptotes. 
It can be proved by the Integral Calculus that the area, contained between 
the curve and the axis of x, and between two ordinates of which one is 
drawn to the vertex of the curve, is measured by log x in the system of 
which the modulus is sin to. Thus, the logarithms belonging to any system may 
be represented by the areas of an appropriate hyperbola. The natural system 
corresponds to the equilateral hyperbola, for which sin « = 1. 

Again, if u denotes twice the area of the sector of the hyperbola 
ofl — y^ = 1» contained between the axis of x and a radius vector from 
the centre, then 

a: = Ch w, ^ = Sh u ; 

just as, in the circle a^ -^ y^ = I, with a similar meaning of u, 

X = cos u, y = sin u. 
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MATHEMATICS. 81 

Wentworth's New Plane Geometry. 

By Gbosob a. Wbntwosth. Teacher of Mathematics, Phillips Exeter 
Academy, NJI. 12mo. x + 242 pages. Mailing Price, 85 cents ; Intro- 
dnction, 75 cents ; Allowance for old book, 25 cents. 

Wentworth's New Plane and Solid Geometry. 

By Geobgb a. Wentworth, Phillips Academy, Exeter, N.H. 12mo. 
Half morocco, xi + 386 pages. Mailing Price, 31.40; Introduction, 31.26 ; 
Allowance for old book, 40 cents. The book now includes a treatise on 
Conic Sections (Book IX.). 

A LL the distingTiishing characteristics of the first edition have 
been retained. The subject is treated as a branch of practical 
logic, the object of which is to detect and state with precision the 
successiye steps from premise to conclusion. 

In each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step is 
indicated in small type between that step and the one following ; 
and the author thus avoids the necessity of interrupting the process 
of demonstration to cite a previous proposition. The number of 
the section on which the reason depends, is, however, placed at the 
side of the page ; and the pupil should be prepared, when called 
upon, to give the proof of each reason. Each distinct assertion in 
the demonstrations and each particular direction in the construc- 
tion of the figures begins a new line, and in no case is it necessary 
to turn the page in reading a demonstration. 

In the new edition will be found a few changes in the order of 
the subject-matter. Some of the demonstrations have been given 
in a more concise and simple form. The diagrams, with which 
especial care was taken originally, have been re-engraved and mate- 
rially improved. The shading, which has been added to many of 
the figures, has proved a great help to the constructive imagination 
of pupils. The theory of limits — the value of which the author 
emphasizes — has been presented in the simplest possible way, and 
its application made easy of comprehension. 

But the great feature of this edition is the introduction of nearly 
seven hundred original exercises, consisting of theorems, problems 
of construction, and problems of computation, carefully graded and 
adapted to beginners in Geometry. 
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Wentworth & Hiira Exercises in Algebra. 

I. Exercise Manual. 12mo. Boards. 232 pa^es. Mailing Price, 40 
cents; Introduction Price, 35 cents. IL Exanunation Manual, l^o. 
Boards. 159 pages. Mailing Price, 40 cents; Introduction Price, 38 
cents. Both \n one volume^ 70 cents. Answers to both parts together, 
26 cents. 

rpHE first part (Exercise Manual) contains about 4500 problems 
classified and arranged according to the usual order of text- 
books iu Algebra; and the second part (Examination Mannal) 
contains nearly 300 examination-papers, progressive in charao* 
ter, and well adapted to cultivate skill and rapidity in solving 
problems. 

BritUh Mail: All engaged in the 
practical woik of education will 
appreciate these Manuals, as they 
are calculated to save the master 



much precious time and labor, and 
to give his students the benefit ol 
progressive and carefully thought 
out exercises. 



Wentujorth & Hill's Exercises in Geometry. 

12mo. Cloth. 255 pages. Mailing Price, 80 cents; Introduction PricBi 
70 cents. 

rpHE exercises consist of a great number of easy problems foi 
beginners, and enough harder ones for more advanced pupils. 
The problems of each section are carefully graded, and some o£ the 
more difficult sections can be omitted without destroying the unity 
of the work. The book can be used in connection with any text- 
book on Geometry as soon as the geometrical processes of reason* 
ing are well understood. 



select propositions from it to supple 
ment every stage of our work. 



Amelia W. Flatter, High School, 
Indianapolis, Ind, : I find the sub- 
ject so carefully graded, that I can 

Analytic Geometry. 

By G. A. Wbntwobth. Revised edition, 12mo. Half morocco, xii + 
301 pages. Mailing Price, $1.35; for introduction, $1.26; allowance in 
exchange, 30 cents. 

rpHE aim of this work is to present the elementary parts of the 
subject in the best form for class-room use. 
The connection between a locus and its equation is made per- 
fectly clear in the opening chapter. 
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The exercises are well graded, and designed to secure the best 
mental training. By adding a supplement to each chapter, the 
author has made provision for a shorter or more extended course, 
as the time given to the subject will permit. 



Dascom Oreene, Prof, of Mathe- 
matics and Astronomy, Rensselaer 
Polytechnic Institute, Troy, N.Y.: 
It appears to be admirably adapted 
to the use of beginners, and is espe- 
cially rich in exSimples for practical 
application of the principles of each 
chapter. The full and clear explana- 
tion of first principles given in the 
opening chapter is a new and highly 
commendable feature of the work. 



E. MiUer, Prof, of Mathematics, 
University of Kansas, Lawrence : 
As a book for beginners, it is admi- 
rable in all its arrangements and 
features. The great number of 
problems scattered through it will 
largely relieve it of that abstract 
analysis which is so often a terror 
to students. The book is, like the 
other works of Professor Wentworth, 
a good thing. 



Elementary Mathematical Tables. 

By Alexander Macfarlane, D.Sc, LL.D., Professor of Physics in the 
University of Texas. 8vo. Cloth, iv + 106 pages. Mailing price, 86 
cents ; for introduction, 76 cents. 

rpHIS collection of tables contains logarithms, antilogarithms, 
addition and subtraction logarithms, logarithmic sines and 
cosines, tangents and cotangents, natural sines and cosines, tan- 
gents and cotangents, secants and cosecants ; arcs, reciprocals, 
squares, cubes, square roots, cube roots, circumferences, circular 
areas, spherical contents, powers, constants, hyperbolic logarithms, 
exponentials, divisors, least divisors, interest tables, and a large 
number of auxiliary tables. The tables are mostly four-place; 
they have a uniform decimal arrangement, and have been made 
every way convenient and adequate. 

J. B. Colt, Prof . of Math., Boston 
Univ., Boston, Mass.: They are 
surely worthy of very high commen- 



dation. I am impressed with the 
amount of valuable material and the 

The Algebra of Logic. 



elegant arrangement. The book is 
excellently adapted for use in every 
form of computation where the more 
elaborate tables are not demanded. 
{Jan. 15, 1890.) 



With examples. By Alexander Macfablane, Professor of Physics 
in the University of Texas. 12mo. Cloth. Illustrated with diagrams. 
x + 155 pages. By mail, $1.35; for introduction, $1.25. The principles 
of the Algebra of Quality investigated and compared with the principles 
of the Algebra of Quantity. 
Westminster Review, London : It will find eager and attentive readers. 
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The Method of Least Squares. 

With Numerical Examples of its Application. By Qbobgb G. Gok- 
BTOCK, Professor of Astronomy in the University of Wisconsin, and 
Director of the Washburn Observatory. 8vo. Cloth, viii + 68 pages. 
Mailing price, 91.0B : for introduction, $1.00. 

rPIIIS work contains a presentation of the methods of treating 
observed numerical data which are in use among astronomers, 
physicists, and engineers. It has been written for the student, 
and presupposes only such mathematical attainment^ as are usually 
possessed by those who have completed the first two years of the 
curriculum of any of our better schools of science or engineering. 

Peirce's Elements of Logarithms. 

With an explanation of the author's Three and Four Place Tables. By 
Professor Jamk9 Mills Peircb, of Harvard University. 12mo. Cloth. 
80 i>ages. Mailing price, 55 cents ; for introduction, 60 cents. 

rPHE design of the author has been to give to students a more 
complete and accurate knowledge of the nature and use of 
Logarithms than they can acquire from the cursory study com- 
monly bestowed on this subject. 

Mathematical Tables Chiefly to Four Figures. 

With full explanations. By Professor Jambs Mills Pbibcb, of Harvard 
University. 12mo. Cloth. Mailing price, 45 cents ; introduction, 40 cents. 

Elements of the Difl^erential Calculus. 

With numerous Examples and Applications. Designed for Use as a Col- 
lege Text-Book. By W. E. Bybbly, Professor of Mathematics, Harvard 
University. 8vo. 273 pages. Mailing price, 32.15 ; introduction, $2.00 ; 
allowance, 40 cents. 

rPHE peculiarities of this treatise are the rigorous use of the 
Doctrine of Limits, as a foundation of the subject, and as 
preliminary to the adoption of the more direct and practically con- 
venient infinitesimal notation and nomenclature ; the early intro- 
duction of a few simple formulas and methods for integrating ; a 
rather elaborate treatment of the use of infinitesimals in pure 
geometry ; and the attempt to excite and keep up the interest of 
the student by bringing in throughout the whole book, and not 
merely at the end, numerous applications to practical problems in 
geometry and mechanics. 
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Academic Trigonometry: pfane and sphencaf. 

By T. M. Blakslbb. Ph.D. (Yale), Professor of Mathematics in Dea 
Moines College, Iowa. 12mo. Cloth. 33 pages. Mailing price, 30 
cents ; for introduction, 26 cents. 

rPHE Plane and Spherical portions are arranged on opposite pages. 

The memory is aided by analogies, and it is believed that the 

entire subject can be mastered in less time than is usually given to 

Plane Trigonometry alone, as the work contains but 29 pages of text* 

The Plane portion is compact, and complete in itsell 

Examples of Differential Equations. 

By Gborob a. Osbobnb, Professor of Mathematics in the Massachu- 
setts Institute of Technology, Boston. 12mo. Cloth, vii + 50 pages. 
Mailing Price, 60 cents; for introduction, 50 cents. 

A SERIES of nearly three hundred examples with answers, sys- 
•^ tematically arranged and grouped under the different cases, 
and accompanied by concise rules for the solution of each case. 

Selden J. Coffin, lately Prof, of I Its appearance is most timely, and It 
Mathematics, Lafayette College : I supplies a manifest want. 



Determinants. 

The Theory of Determinants: an Elementary Treatise. By Paul H. 
Hakus, B.S., recently Professor of Mathematics in the University of 
Colorado, now Assistant Professor, Harvard University. 8vo. Cloth, 
viii + 217 pages. Mailing price, $1.90; for introduction, $1.80. 

rpmS book is written especially for those who have had no pre- 
vious knowledge of the subject, and is therefore adapted to 
self-instruction as well as to the needs of the class-room. The 
subject is at first presented in a very simple manner. As the 
reader advances, less and less attention is given to details. 
Throughout the entire work it is the constant aim to arouse 
and enliven the reader's interest, by first showing how the various 
concepts have arisen naturally, and by giving such applications as 
3an be presented without exceeding the limits of the treatise. 



William 0. Peck, Prof, of Mathe- 
matics, Columbia College, N, Y. : A 
hasty glance convinces me that it is 
an improvement on Muir. 
Ut/^. 30, 1886.) 



T. W. Wright, Prof, of Mathemat" 
ics, Union Univ., Schenectady, N.Y.: 
It fills admirably a vacancy in oui 
mathematical literature, and is a 
very welcome addition indeed. 
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Wheeler's Plane and Spherical Trigonometry, 

By H. N. Whbblbb, A.M., formerly of Harvard University. 12mo. 
Cloth. 211 pages. Mailing price, $1.10; introduction, $1.00; allow- 
ance, aO cents. Peirce's Mathematical Tables are incladed. 

rPHE special aim of the Plane Trigonometry is to give pupils a 
better idea of the trigonometric functions of obtuse angles 
than they could obtain from any book heretofore existing. 

In the treatment of Spherical Trigonometry special pains has 
been taken to present applications to Geometry and Astronomy, 
and problems involying these applications. 

Adjustments of the Compass, Transit and Level. 

By A V. Lanb, C.E., Ph.D., Associate Professor of Mathematics, Uni- 
versity of Texas, Austin. 12mo. Cloth, v + 43 pages. Mailing price, 
33 cents ; for introduction, 30 cents. 

Principles of Elementary Algebra. 

By H. W. Kbiowin, Professor of Mathematics, Episcopal Academy, 
Cheshire, Conn. 12mo. Paper, ii + 41 pages. Mailing and introduo- 
tion price, 2t) cents. 

rPHIS little book is intended as an outline of thorough oral 
instruction, and is all the "text" which the author has 
found it necessary to put into his pupils* hands. It should, of 
course, be accompanied by a good set of exercises and problems. 

Metrical Geometry. An Elementary Treatise on Mensuration. 

By George Bruce Halstbd, Ph.D., Professor of Mathematics, Univer- 
sity of Texas, Austin. 12mo. Cloth. 246 pages. Mailing price, 31.10 ; 
for introduction, 31.00. 

rPHIS work applies new principles and methods to simplify the 
measurement of lengths, angles, areas, and volumes. It is 
strictly demonstrative, but uses no Trigonometry, and is adapted 
to be taken up in connection with or following any elementary 
Geometry. A hundred illustrative examples are worked out in the 
course of the book, and at the end are five hundred carefully 
arranged and indexed exercises, using the metric system. 
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Arnold: English literatare .... . . . IJM) 
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Cook : Sidney's Defense of Poesy 80 

Shelley's Defense of Poetry fiO 
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Gayley : Classic Myths in English Literature .00 
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Hudson : Harvard Edition of Shakespeare's Complete Works : — 
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Classical English Reader 1.00 

Lockwood : Lessons in English, $1.12 ; Thauatopsis 10 

Maxcy : Tragedy of Hamlet 45 

Minto : • Manual of English Prose Literature . . . . . 1.50 

Characteristics of English Poets 1.50 

Schelling : Ben Jonson's Timber 80 

Sherman : Analytics of English Prose and Poetry 00 

Smith : Synopsis of English and American Literature . . . .hO 

Sprague : Milton's Paradise Lost and Lycidas . . . . . .45 

Thayer: The Best EHzabethan Plays 1.25 

Thorn : Shakespeare and Chaucer Examinations .... 1.00 

White : Philosophy of American Literature 30 

Whitney : Essentials of English Grammar . . . . . .75 

Whitney & Lockwood : English Grammar 70 

Winchester : Five Short Courses of Reading in English Literature . .40 
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Clark: Philosophy of Wealth 1.00 
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Macy: Our Gtovemment 70 

Political Science Quarterly (per vol.) SjOO 

Seliffman: Railway Tariffs and the Interstate Law . (retail) .75 

HISTORY. 

Allen: Readers' Guide to English History . , . . 25 

Andrade : Historia do Brazil .75 

Fiske-Irvinff : Washington and His Country . . . . ! 1.00 

Halsey : Genealogical and Chronological Chart ... .25 

Journal of Aroh«oloiry (per voL) 5.00 

Judson : CsBsar's Army 1.00 

Montgomery: Leading Facts of English History .... 1.12 

English History Reader .60 

Moore: Pilgrims and Puritans .60 

Myers: Meainval and Modem History IJiO 

Ancient EQstory IJH) 



Copies sent to Teachers for Examinadon^ with a view to Introduction, 
on receipt of Introduction Price, 



eJM & COMPANT, Publishers. 

aOSTOK. NBW TOBK. CHICAOOi 
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